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Abstract

In this thesis we investigate different domination-related graph polynomials, like the connected
domination polynomial, the independent domination polynomial, and the total domination
polynomial. We prove some basic properties of these polynomials and obtain formulas for the
calculation in special graph classes. Furthermore, we also prove results about the calculation
of the different graph polynomials in product graphs and different representations of the graph
polynomials.

One focus of this thesis lays on the generalization of domination-related polynomials. In
this context the trivariate domination polynomial is defined and some results about the bipar-
tition polynomial, which is also a generalization of the domination polynomial, is presented.
These two polynomials have many useful properties and interesting connections to other graph
polynomials. Furthermore, some more general domination-related polynomials are defined in
this thesis, which shows some possible directions for further research.
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1 Introduction

Technical systems like communication networks, power grids, traffic management systems,
and enterprise data networks have a net-like structure. The mathematical model for such
networks is an undirected or directed graph. Let us use a computer network as an example.
Here the computers are the components (vertices) of the graph and the links between them
represent the edges (e.g. see Figure 1.1). Now imagine, we want to monitor the functions
of each of the computers by one or a small number of computers in such a way that every
of these computers can control its neighbors. In graph theory we call these controllers a
dominating (vertex) set. Several questions emerge naturally in this context. When the effort
of monitoring the network is to be minimized, then a smallest dominating set provides the
solution. What is the minimum number of computers required to completely monitor the
communication network? How can we find such a minimum dominating set?

Now assume that the computers (routers, terminals) of the network are subject to random
failure, but also failed computers have to be monitored. Then we can ask for the probability
that the complete network is monitored. Translated to the language of graph theory, we ask
for the probability that a randomly selected vertex subset forms a dominating set in the graph
that reflects the topology of the given computer network.

A variety of new problems appears as soon as we impose additional properties on the
dominating set. We can, for instance, restrict the choice of dominating sets to independent
vertex sets or to vertex sets that induce connected subgraphs. The last requirement has
interesting applications for routing in wireless networks.

Fig. 1.1: A computer network.
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The calculation of discrete probabilities leads directly to problems of counting and enu-
meration. The computation of the probability of a given graph property in a finite random
graph usually results in a subgraph counting problem. A classical example is the all-terminal
reliability of networks which can be obtained from the number of connected spanning sub-
graphs. Generating functions for the counting sequences, i.e. graph polynomials, provide a
powerful tool in the area of graphical enumeration. Unfortunately, the computation of many
interesting graph polynomials, especially those ones considered in this thesis, is proved to be
NP-hard.

The first graph polynomial studied in literature is the chromatic polynomial, which counts
the number of proper colorings of graphs (a coloring of the vertices such that neighbors
do not have the same color). It was defined by G.D. Birkhoff [Birl2| to attack the four
color problem in 1912. This and other famous graph polynomials, like the Tutte polynomial,
were extensively studied in the last hundred years. J.L. Arocha and B. Llano defined the
domination polynomial in 2000 [AL00|, which is the ordinary generating function for the
number of dominating sets in a graph. Since then, a lot of papers were published about this
polynomial and many results have been proved, like the calculation in special graph classes,
or the location of the zeros of the domination polynomial.

The main aim of this dissertation is to investigate domination-related polynomials. This
goal is divided into two parts. The first part is dedicated to the counting of dominating sets
with special properties, e.g. they must be connected or independent. In the second part we
introduce generalizations of several simple graph polynomials to more complex graph poly-
nomials. These generalizations often give us new results and knowledge about the included
graph polynomials. They also help us to find connections between the different graph polyno-
mials and give some sort of organization of the various graph polynomials. This approach was
mainly motivated by the paper of J. A. Makowsky with the title “From a Zoo to a Zoology:
Towards a General Theory of Graph Polynomials” [Mak07].

As mentioned before, counting problems in graphs often have a connection to problems in
the reliability context. The results about domination-related counting problems in this thesis
can also be applied to the corresponding reliability polynomials.

1.1 Own Contributions and Publications

My own contributions are the definition of the connected domination polynomial, the trivariate
domination polynomial and the independent domination polynomial. Furthermore, I proved
several results about the different domination related polynomials, especially the calculation
in product graphs, different recurrence equations and representations. Some of these results
are already published or submitted:

e Markus Dod: The Independent Domination Polynomial, submitted to Graphs and Com-
binatorics.

e Markus Dod: Graph products of the trivariate total domination polynomial and related
polynomials, submitted to Discrete Applied Mathematics.

e Markus Dod, Peter Tittmann: Isolated Vertices in Random Graphs in Scientific Reports,
E-Mobility and Reliability in Communication Networks. Journal of the University of
Applied Sciences Mittweida, 1 (2015).
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e Markus Dod, Tomer Kotek, James Preen, and Peter Tittmann: Bipartition polynomials,
the ising model, and domination in graphs. Discussiones Mathematicae Graph Theory
35.2 (2015), pp. 335-353.

e Markus Dod: The total domination polynomial. Congressus Numerantium 219 (2014),
pp- 207-226.

The results were also partially presented in talks on international conferences:

e On the counting of independent dominating sets, Colloquium on Combinatorics, [lme-
nau, Germany, 2014.

o Graph products of the trivariate total domination polynomial, 9th International collo-
quium on graph theory and combinatorics, Grenoble, France, 2014.

o The Total Domination Polynomial, Forty-Fifth Southeastern International Conference
on Combinatorics, Graph Theory, and Computing, Boca Raton, USA, 2014.

e The Total Domination Polynomial, Colloquium on Combinatorics, [lmenau, Germany,
2013.

e The Bipartition Polynomial, the Ising Model and the Matching Polynomial, CID 2013 -
Colourings, Independence and Domination, Szklarska Poreba, Poland, 2013.

o (leneralisations of the domination reliability polynomial, SEG-Workshop, Freiberg, Ger-
many, 2012.

1.2 Organization of this Thesis

The thesis is organized as follows. In Chapter 2 some basic graph theoretic definitions and no-
tations are introduced. In the following chapter the domination and the domination reliability
polynomial are defined, a short overview over known results is given and some new results,
especially for product graphs, are proved. Furthermore, the connection to the neighborhood
polynomial is shown. The independent domination polynomial is defined in Chapter 4. We
show some properties of the independent domination polynomial and prove formulas for the
calculation in special graph classes and in product graphs.

In Chapter 5 some properties of the total domination polynomial are proved. Additionally,
in this chapter the trivariate domination polynomial is defined. The main results are its
connection to other graph polynomials and the calculation in product graphs. The connected
domination polynomial is defined in Chapter 6. Chapter 7 presents some results about the
bipartition polynomial, especially about the encoded graph invariants and the calculation
in special graph classes. Furthermore, we present some results for the counting of bipartite
subgraphs in this chapter, which yields a connection to the edge-cover polynomial. Chapter 8
shows some possible further generalizations of the domination polynomial and Chapter 9
summarizes this thesis.
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2 Basics

In this chapter we introduce the basic graph theoretic concepts and definitions that we use
in this thesis. The definitions follow the standard definitions of the textbooks [Har69; Die00;
Wes01] and [GY04].

Definition 2.1. A graph G = (V, E) is an ordered pair of a finite set of vertices V and a set
of edges E, such that every edge is an one- or two-element subset of the vertex set. We call
an edge e € E a loop if it is an one-element subset of V.. A graph is called simple if it has
no loops and it is called nontrivial i |[V| > 2.

In the following we write V(G) and E(G) for the vertex and the edge set of the graph G
and if there is no risk of confusion we simply write V and E. The order of a graph denotes
the number of vertices and the size its number of edges. A vertex w € V is called adjacent
to v € V if {u,v} € E and two edges are called adjacent if they have one end vertex in
common. An edge {u,v} € E is called incident to its end vertices u and v. Let v be a vertex
of G = (V,E), then N(v) = {u € V : {u,v} € E} is the open neighborhood of the vertex v
and N[v] = N(v) U {v} is the closed neighborhood. Let U C V be a vertex subset, then

N(U) = | Nw)\U

uelU

is the open neighborhood of the subset U. Sometimes we need the union of the open neigh-
borhoods of the vertices in U. This set is called the total open neighborhood

N'(U) = | N(v).

vel

Let now U C V and w € U. Then PN(u,U) denotes the set of private neighbors of u
with respect to the vertex subset U. A vertex v € V is called a private neighbor of u
if N[oJNnU = {u}. Note that if v € U is not adjacent to any other vertex in U, then
u € PN(u,U).

According to the definition of the open neighborhood of a vertex, the degree of a vertex is
denoted by deg(v) and it is the size of the open neighborhood of this vertex. The minimum
and maximum degree of a graph are given by §(G) = géi‘r/l{deg(v)} and A(G) = Igéa&c{deg(v)}.

Furthermore, we denote by fdeg;(G) the number of vertices with degree i of the graph G.

A path in a graph G = (V| E) is an ordered sequence of pairwise different vertices vy, ..., vy,
such that {v;,vi11} € E, fori e {1,...,n—1}. A graph G is connected if at least one path
between every pair of its vertices exists.

The complement G of a graph G = (V, E) has the vertex set V and two vertices in G are
adjacent if and only if these two vertices are non-adjacent in G. The line-graph L(G) of a
graph G has a vertex for each edge of G and two vertices of L(G) are adjacent if and only if
they correspond to two adjacent edges in G.

Definition 2.2. Let G = (V, E) and G' = (V' E’) be graphs. Then G’ is called a subgraph
of G (G'CG),if V'CV and E' CE.
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Definition 2.3. Let G = (V, E) be a graph and F C E be an edge subset. Then the spanning
subgraph G(F') is the graph
G(F) = (V,F).

Definition 2.4. Let G = (V, E) be a graph and U C V be a vertex subset of G. The induced
subgraph G[U] of G is the graph

G[U] = (U,{e € Ele CU}).
In short, we write E(U) for the edge subset {e € Ele CU}.

Definition 2.5. Let G = (V(G),E(GQ)) and H = (V(H),E(H)) be simple graphs. An
isomorphism from G to H is a bijection ¢ : V(G) — V(H) such that {u,v} € E(G) if and
only if {¢(u), p(v)} € E(H). If such an isomorphism for two graphs G and H exists, we write
GX~H.

Let H be a set of graphs and G be a graph. The graph G is called H-free if no induced
subgraph of G is isomorphic to a graph in H. If H is a specific graph class (e.g. cycles or
paths), then we simply write that the graph G does not contain this graph class. Similar to
the definition of the (vertex-) induced subgraph of G we can define the edge-induced subgraph
for a given edge subset.

Definition 2.6. Let G = (V, E) be a graph and F C E be an edge subset of G. The edge-
induced subgraph G[F| of G is the graph

G[F]:(Ue,F>.

eceF

A maximum connected subgraph of G is called a component of G and a component is called
covered if it contains at least one edge. A vertex of degree zero is called an isolated vertex.

Definition 2.7. Let G = (V, E) be a graph, then k(G) denotes the number of components,
¢(G) the number of covered components and iso(G) denotes the number of isolated vertices
of G. Therefore, k(G) = ¢(G) + iso(G). Furthermore, Comp(G) denotes the set of covered
components of G.

Definition 2.8. [KPT13] Let G = (V,E) be a graph with k components of size \;, i €
{1,...,k}, and |V| = n. The type of G is the integer partition A\g¢ = (A\1,...,\g) F n. We
write i € Mg in order to indicate that i is a part of Ag. The number of parts is denoted by
Al

Definition 2.9. Let G = (V,E) be a graph. A hole in the graph G is a cordless cycle of
length at least four and an anti-hole is the complement of such a cycle.

A vertex subset is called independent if its vertices are pairwise non-adjacent and it is
called a clique if its vertices are pairwise adjacent. We denote by a(G) and w(G) the order
of a maximum independent subgraph and the order of a maximum clique, respectively. A
matching of the graph G is an edge subset F such that eN f =0, for all e, f € F with e # f.
A matching F' is called perfect if |J.cpe = V. A (vertex) coloring of the graph G = (V, E)
with k colors is a function ¢ : V' — {1, ..., k} and the coloring c is called proper if c¢(u) # c(v),
for all {u,v} € E.
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Definition 2.10. Let G = (V, E) be a graph and X CV be a vertex subset. Then X is called
a separating vertex set if the graph G — X has at least two components. Let G1 = (V1, E1)
and Gy = (Va, E3) be two subgraphs of G with ViNVe =X, ViUV =V, E1NEy =0 and
E1UE; = E, then we call (Gy,G2,X) a splitting of G. If | X| =1, then the separating vertez
1s called an articulation.

2.1

Graph Operations

In this thesis we use a diversity of graph operations, that can partially be found in the
literature. Let v € V be a vertex and e = {u,v} € E be an edge of G.

G — v denotes the graph obtained from G by the removal of v and all edges incident to
.

G /v denotes the graph obtained from G by the removal of v and the addition of edges
between any pair of non-adjacent vertices of N(v).

G ® v denotes the graph obtained from G by removing all edges between vertices of
N (v).

G © v denotes the graph G ® v — v.

Gow denotes the graph obtained from G by removing v and adding loops to all neighbors
of v.

G — X denotes the graph obtained by deleting all vertices of the vertex subset X C V
and the edges incident to them.

G\X denotes the fusion of all vertices of X to a single vertex. Furthermore, G\;X
denotes the fusion of all vertices of X and the new vertex is labeled with z.

G >—o X denotes the fusion of all vertices of X C V and the addition of a new vertex
which is adjacent to the fused one.

G + {v,- } denotes the graph (V U {v'}, E U {v,v'}) obtained from G by adding a new
vertex v" and an edge {v,v'} to G.

G + {X, - }, denotes the graph (V U {u}, EU {{u,z} : = € X}) obtained from G by
adding a new vertex u and edges joining all vertices of X with w.

GG — e denotes the graph obtained from G by removing e.

G /e (contraction of the edge e) denotes the graph obtained from G by removing e and
unifying the end vertices of e.

Gte (extraction of the edge e = {u,v}) denotes the graph G —u — v.

Composite operations will be applied from left to right, e.g. G — e/u which stands for
(G —e)/u.

Remark 2.11. Let G = (V, E) be a graph and v € V.. Then

(GoOv)/v=G/,
(G®v)— N[y =G — NJv]. (2.1)
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2.2 Graph Classes

In this section, several graph classes will be defined which are used in this thesis. For more
graph classes see the “Information System on Graph Classes and their Inclusions” |Rid+01].

A graph G is called complete if all vertices are pairwise adjacent. We denote a complete
graph with n vertices by K, and the edgeless graph with n vertices by E,. Note that
V(K,) = {1,...,n}. If we remove only a few edges from the complete graph we obtain
the so called k-bounded complete graphs.

Definition 2.12. A graph G = (V, E) is k-bounded complete if every vertex in V has at
most k non-neighbors in V.

Remark 2.13. The 1-bounded complete graphs are obtained from a complete graph by remov-
g a matching.

Definition 2.14. Let k and | be two natural numbers, K,, be a complete graph with ng
vertices and E,; be an edgeless graph of order n;, for 2 < n; < k+1, i € {1,...,1},
and n = ng+ny + --- 4+ ng. Then the simple k-bounded complete graph K,’f of the type
AKEY) = [no,n1,m2,...,n] is the join (see Definition 2.35) of these | + 1 graphs.

Fig. 2.1: Simple 2-bounded complete graph with 7 vertices.

A bipartite graph consists of two independent vertex sets X and Y and edges joining the
vertices of these two sets. A bipartite graph is called complete (denoted by Ky, , if [ X| =m
and |Y'| = n) if all vertices of X are adjacent to all vertices of Y. Koénig [Kén36] proved the
famous theorem which says that a graph is bipartite if and only if it has no odd cycle. Some
special bipartite graphs are the k-bounded bipartite graphs.

Definition 2.15. [Rid+01] A bipartite graph G = (X UY, E) is k-bounded bipartite Kﬁln if
every vertex in X, respectively Y, has at most k non-neighbors in 'Y, respectively X.

Remark 2.16. The 1-bounded bipartite graphs are constructed from a complete bipartite graph
by removing a matching.

Let G = (V,E) be a graph and v € V. If N(v) induces a clique in G, then v is called
simplicial. A perfect elimination ordering is an ordering s = (v1,...,v,) of V with the
property that v; is a simplicial vertex of G[{v;,...,v,}], for all ¢ € {1,...,n}. A graph is
called chordal if it has a perfect elimination ordering.
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R R

Fig. 2.2: A complete bipartite graph K4 3 and a 1-bounded bipartite graph Kijg.

A tree is a connected graph without (induced) cycles and a forest is a graph such that all
its components are trees. A generalization of trees are k-trees.

Definition 2.17. The complete graph with k vertices is a k-tree. A k-tree with n+ 1 vertices
(n > k) can be constructed from a k-tree with n vertices by adding a vertex adjacent to all
vertices of a k-cliqgue of the existing k-tree.

Fig. 2.3: A 2-tree with 13 vertices.

It follows directly from the definition of the k-tree that every k-tree is a chordal graph and
therefore there exists a perfect elimination ordering. The class of k-trees can be characterized
by a generalization of line graphs.

Definition 2.18. [MJP06] The k-line graph of a graph G is defined as a graph whose vertices
are the cliques of size k in G. Two vertices are adjacent in the k-line graph if and only if the
corresponding cliques in G have k — 1 vertices in common.

Definition 2.19. A graph G = (V, E) is a split graph if the vertex set can be partitioned in an
independent set and a clique. A split graph of order n is called an (n,k)-star S, i if the clique
has the order k and every vertex of the clique is adjacent to all vertices of the independent
set.

Lemma 2.20. A k-tree G = (V, E) is an (n, k)-star, with n > k, if and only if the (k+1)-line
graph of G is a clique of size n — k.

Proof. Each leaf vertex is a clique of size k + 1 together with the k center vertices and all of
the (k+ 1)-cliques have k vertices in common. Therefore, all vertices in the (k+ 1)-line graph
are pairwise adjacent.

If the (k+1)-line graph is a clique of size n—k, then the corresponding cliques have pairwise
k vertices in common. Hence, the original graph is an (n, k)-star. O
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Fig. 2.4: A 3-tree and its 4-line graph.

Fig. 2.5: A (8,4)-star and its 5-line graph.

Definition 2.21. [MJP06] The complete graph with k vertices is a simple k-tree. A simple
k-tree with n + 1 vertices (n > k + 1) can be constructed from a simple k-tree with n vertices
by adding a vertex adjacent to all vertices of a k-clique not previously chosen in the existing
simple k-tree.

Lemma 2.22. [MJP06] A k-tree G = (V, E) with n > k vertices is a simple k-tree if and
only if the (k + 1)-line graph of G is a tree.

Lemma 2.23. [MJP06] Let G be a k-tree with n > k vertices. G is a k-path graph if and
only if G is a simple k-tree with exactly two simplicial vertices.

Definition 2.24. Let G be a k-path of order n with the vertex set V.= {1,...,n}. Then the k-

path is called simple or short P,(lk) if there exists a perfect elimination ordering s = (1,2,...,n)
with Ng,..oy(D) ={l+1,..., 0+ k}, foralll €{1,...,n —k} (see Figure 2.6).

Definition 2.25. A k-cycle C,(Lk) oceurs from a simple k-path P,(lk) by adding edges between
the first k vertices and the last k vertices of the simple k-path.

Remark 2.26. A path P, is the simple 1-path PT(Ll) and the cycle Cy, is the 1-cycle C’,(Ll).
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Fig. 2.7: A 2-cycle with 9 vertices.

2.3 Graph Products

Graph products are well known in literature and have many applications. Some enumeration
and decision problems, e.g. finding the maximum number of non-attacking kings that can be
paced on an n X m-chessboard, have a natural relation to graph products. For a more de-
tailed explanation and applications of graph products, see the “Handbook of product graphs”
|[HIK11]. For simplicity we assume that all graphs are nontrivial and simple. The vertex set
of the following four products is the Cartesian product of the vertex sets of the two graphs,
denoted by V(G) x V(H). However, each product has different rules to generate the edge set.
The first product of interest is the Cartesian product of the two graphs G and H.

Definition 2.27. The Cartesian product GOH of the graphs G = (V(G), E(G)) and H =
(V(H),E(H)) is a graph such that

1. the vertex set of GOH is V(G) x V(H) and

2. two vertices (u,v) and (x,y) are adjacent in GOH if and only if u = x and {v,y} € E(H)
or {u,z} € E(G) and v =1y.

Theorem 2.28. [HIK11] The graph GOH is connected if and only if G and H are connected.
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Py

Fig. 2.8: The Cartesian product Ps[JPs.

The second product of interest is the tensor product. In the literature this product has a lot
of different names: Direct product, Kronecker product, cardinal product, relational product,
cross product, conjunction, weak direct product, Cartesian product, product, and categorical
product. See |[HIK11; Wei62] for a detailed overview over the tensor product. Figure 2.9
shows the tensor product Py x Ps.

Definition 2.29. The tensor product or the categorical product G x H of the graphs G =
(V(G),E(G)) and H=(V(H),E(H)) is a graph such that

1. the vertex set of G x H is V(G) x V(H) and

2. two vertices (u,v) and (z,y) are adjacent in G x H if and only if {u,z} € E(G) and
{v.y} € E(H).

P3

Py

Fig. 2.9: The tensor product P; X Ps.

Theorem 2.30. [Wei62] Let G = (V(G), E(G)) and H = (V(H), E(H)) be two graphs with
\V(G)|,|V(H)| > 2. The graph G x H is connected if and only if G or H conlains an odd
cycle. If both graphs are connected and bipartite, then G x H has exactly two components.

The lexicographic product was first introduced by Harary [Har59| as the composition of
graphs and it is also known as graph substitution.

Definition 2.31. The lexicographic product G - H of the graphs G = (V(G), E(G)) and
H = (V(H),E(H)) is a graph such that

1. the vertezx set of G- H is V(G) x V(H) and
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2. two vertices (u,v) and (x,y) are adjacent in G- H if and only if {u,z} € E(G) oru=x
and {v,y} € E(H).

Py

Fig. 2.10: The lexicographic product Py - Ps.

Theorem 2.32. [HIK11] The graph G - H is connected if and only if G is connected.

Definition 2.33. The strong product (or AND product) GX H of the graphs G and H is a
graph such that

1. the vertex set of GR H is V(G) x V(H) and
2. E(GR H) = E(GOH) U E(G x H).

Py
Fig. 2.11: The strong product P, X Ps.

It follows immediately from the connection to the Cartesian product that the graph GX H
is connected if and only if G and H are connected.

Theorem 2.34. [HIK11] The Cartesian product, the tensor product and the strong product
are commutative, associative and distributive. The lexicographic product is not commutative,
but associative and right-distributive. Furthermore, the Ky is an unit with respect to these
four graph products.

For proofs and explanations it is necessary to identify special vertices in the product graph.
Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs. As the Figures 2.8 - 2.11 show,
we can draw the products of these two graphs in a grid structure. Therefore, the row R, is the
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vertex subset {(v,w) : w € V(H)} and the column C., is the vertex subset {(v,w) : v € V(G)}.
If we talk about the vertices in the same row or column, then we mean the vertices in such a
set. Let now G and H be two graphs with a linearly ordered vertex set. Then the first row
of the product graph means the vertex subset {(min(V(G)),w) : w € V(H)}.

Let G = (V(G),E(G)) and H = (V(H),E(H)) be two vertex disjoint graphs, then the
union G U H is the graph (V(G)UV(H),E(G)U E(H)).

Definition 2.35. [Har69] The join GxH of two graphs G = (V(G),E(G)) and H =
(V(H),E(H)) is the graph union G U H together with all the edges joining V(G) and V(H).
With the join of two graph we are able to define the fan and the wheel.

Definition 2.36. The join of a path P,_1 and the K is called fan F,, (F,, = P,_1 % K;) and
the join of a cycle Cp—1 with the Ky is called wheel W,, (W,, = C,,_1 x K1). Furthermore, the
join of edgeless graph E,_1 with the K is called star S, (S, = E,_1%K1).

Frucht and Harary introduced the corona of two graphs in 1970.
Definition 2.37. [FH70] Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs. Then

the corona of G and H is the graph G o H which is the disjoint union of G and |V (G)| copies
of H and every vertex v of G is adjacent to every vertex in the corresponding copy of H.

Fig. 2.12: Corona graph of the diamond and the K.

2.4 Graph Polynomials

Let G be the set of finite graphs and S some arbitrary set. Then graph invariants are functions
f G — S such that for two graphs G and H

G=H= [(G) = [(H).
In case of S being equal to {0,1}, we speak of graph properties, e.g. connectivity, and in

the case of S = N of graph parameters, e.g. number of vertices or minimum degree. With the
definition of the graph invariants we are able to define the graph polynomials.
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Definition 2.38. Let G be the set of finite graphs and Rlzq, ... x| the polynomial ring over
the real numbers. Then a graph polynomial is a function P : G — Rlxq,... x| such that for
two graphs G and H

G=>=H-= P(G,r1,...,x) = P(H,x1,...,x}).

In the following the coefficients of the graph polynomials are always integers. We denote
by deg, (P) the degree of the variable z; of the graph polynomial P(G,x1,...,xx). If the
polynomial has only one variable x, we write deg(P) instead of deg,(P).

Definition 2.39. Let P = P(G,x1,...,x) = >, aihm,ikx? . xZ‘ be a graph polynomial,

0150000k

Np _ o tj—1, ti41 ik
[25]P = g Qiyyif B - ) T gl

then

If P(G,x) is a graph polynomial with one variable z, then F’“]P(G, x) is the coefficient
of ¥ in the polynomial. Furthermore, we simply write [xéll .2} |P(G, 21, ..., k) instead of
4] (2% P(G 2, ) )

In the following a short overview over some graph polynomials used in this thesis is pre-
sented. A more detailed overview can be found in |Kot12; Tril2a|. Figure 9.1 shows the
connection between different graph polynomials. But this figure shows only a part of the
“graph of graph polynomials” (this phrase and some parts of the figure are introduced by
M. Trinks [Tril2a]). The first graph polynomial studied in the literature is the chromatic
polynomial x(G,x). It was first defined by G. D. Birkhoff [Bir12| and yields the number of
proper colorings of the graph with x colors.

Definition 2.40. [DKT05] Let G = (V, E) be a graph and b(G) be the number of partitions
of V in k independent vertex subsets. Then the chromatic polynomial x(G,x) is defined as

!

W(Ga) = 3 bu(@)t,
k=0

where 2 is the falling factorial o8 = x(x — 1) ... (z — (k —1)).

The domination polynomial is the ordinary generating function for the number of domina-
ting sets of the graph. Let G = (V, E) be a graph and W C V be a vertex subset of the graph.
Then W is called a dominating set if and only if N[W] = V. The domination polynomial was
introduced by J. Arocha and B. Liano [ALO0O].

Definition 2.41. [AL0O] Let G = (V,E) be a graph. Then the domination polynomial s

given by
D(G,x) = Z 1,
wcv

Ng[W]=V
A vertex subset X C V is a vertez-cover if eN X # (), for all e € E.

Definition 2.42. [Don+02] Let G = (V, E) be a graph. Then the vertex-cover polynomial
U (G, x) of G is defined as
U(G,z) = Z X1,

XCV
X is vertex-cover



28 2 Basics

Definition 2.43. [LM05] Let G = (V,E) be a graph. Then the independence polynomial
I(G, x) is the ordinary generating function for the number of independent sets of the graph:

I(G,z) = Z W1,

wcv
W is independent set

Lemma 2.44. [AO13] Let G = (V, E) be a graph, I1(G,x) its independence polynomial and
U(G, x) its vertez-cover polynomial. Then

U(G,z)=2"1(G,1/x).
An edge subset ' C E is an edge-cover if | J,cpe = V.

Definition 2.45. [AO13] Let G = (V, E) be a graph. Then the edge-cover polynomial E(G, z)
of the graph is defined as
EG,z) = Z 2P

FCE
F' is edge-cover

Definition 2.46. [TAM11] Let G = (V,E) be a graph. Then the subgraph component
polynomial Q(G;v, ) is defined as

Q(G;v,x) = Z pIWIgh(GIW])
WCVv

Let G = (V, E) be a graph and F' C E be an edge subset, then rank of F' is defined as
r(F) = V] = «(G(F)).

Definition 2.47. [Tut67] Let G = (V, E) be a graph. Then the rank polynomial R(G;z,y)

is defined as
R(Gia,y) = Y "y,
FCE

An other well-known polynomial is the Tutte polynomial.

Definition 2.48. [Tut54; Tut67; Wel99] Let G = (V, E) be a graph with n vertices. Then the
Tutte polynomial is defined as

T(Gray) = ) (= 17Oy — pIFr),
FCE

The Tutte polynomial has a lot of connections to other graph polynomials (e.g. see [Wel99]).
The next theorem shows two of these connections.

Theorem 2.49. [Tut5); Tut67; Wel99] Let G = (V, E) be a graph with n vertices. Then
R(G;z,y) = 2" (G +1,y+1)
X(G,z) = (=1)" DTG 1 — ,0).
Definition 2.50. /[BT12] Let G = (V, E) be a graph whose vertices fail independently of each
other with a constant probability 1 — p. Then the residual network reliability Ry (G,p) is the

probability that the surviving vertices induce a connected subgraph. The k-residual network
reliability Ry (G, p) is the probability that additionally at least k vertices are intact.
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2.5 Some Arrangements

We assume unless noted otherwise that all graphs in this thesis are simple. Let G = (V, E) be
a graph and W C V be a dominating vertex subset. In such a case we call all vertices of W
dominating and all vertices in the neighborhood of W dominated. Furthermore, sometimes
we make a proof by case distinction with respect to a certain vertex v. In such a proof we
simply say that the vertex v is either dominating or non-dominating, which means that we
distinguish between dominating sets in which the vertex v is either contained or not.

Let G = (V, E) be a graph and X C V be a vertex subset of G. Then, occasionally, we can
define a polynomial f(G,z) under the condition that the vertices in X are already dominated.
In this sense, already dominated means that we count in the polynomial f(G,x) those vertex
subsets of the graph G+{X, - },, where the new vertex u is dominating and hence it dominates
all vertices in X. In other words, let A, B C V be vertex subsets, whereat only the vertices in
A can be dominating and only the vertices in B must be dominated. In case of the domination
polynomial we obtain:

D(G, A, B;x) = Z W1,
WCA
BCN[W]
From this it follows that D(G,z) = D(G,V,V;x). Furthermore, the domination polynomial
under the condition that the vertex subset X C V is already dominated is the polynomial
D(G,V,V\X;z). Analogously, this can be applied to other domination-related polynomials.
Furthermore, let 0° be equal one.
one step upwards in the tree and adding the father w
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3 The Domination Polynomial

The domination polynomial was introduced by Arocha and Liano [AL00| (see Definition 2.41)
and it is extensively studied in the literature. Let d;(G) be the number of the dominating
sets of size ¢ in GG, then the domination polynomial can also be represented as

D(G,2) =) _di(G)a’.
=1

In general, the calculation of the domination polynomial is #1/[2]-complete [FG04| and
therefore it is interesting to find graph classes in which the calculation can be done in poly-
nomial time. In the Sections 3.1 and 3.2 such special graph classes, e.g. product graphs,
are investigated. From the domination polynomial we can determine the size of a minimum
dominating set in the graph G. The size of such a minimum set of the graph is called the
domination number v(G) of the graph G, or shortly

v(G) = min{i : d;(G) > 0}.

The domination number was intensively studied in the literature. Several papers for the
calculation of the domination number in general graphs and in special graph classes were
published (e.g. see [GKL06; Gra06; VRB08; Rool1|). The first theorem shows the calculation
of the domination polynomial of the join of two graphs.

Theorem 3.1. [DT12] Let G = (V(G), E(G)) and H = (V(H), E(H)) be two vertez-disjoint
graphs. Then the domination polynomial of the join of G and H can be calculated with

D(G+H,z) = ((1 +a)lV@l - 1) (142D~ 1) +D(G, z) + D(H, z).

Another polynomial which is related to the domination polynomial is the neighborhood
polynomial introduced by Brown and Nowakowski [BNOS§].

Definition 3.2. [BN08] Let G = (V,E) be a graph. Then the neighborhood polynomial s

defined as
N(G,z) = Z 2!Vl

Uucv
FueV\U:UCN (u)

The degree of the neighborhood polynomial is given by the maximum degree of the graph. A
vertex subset U is counted in the neighborhood polynomial if and only if in the complement of
the graph at least one vertex exists, such that the intersection between the closed neighborhood
of this vertex and the set U is empty.
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Lemma 3.3. Let N(G,z) be the neighborhood polynomial of the graph G and

N(G,z) = Z IVl
Ucv
FueV\U:UNN[u]=0
Then
N(G,z) = N(G, ).

The polynomial N(G, z) = N(G, z) counts the non-dominating sets in G and therefore the
next theorem follows.

Theorem 3.4. Let G = (V, E) be a graph, D(G, ) be the domination polynomial of G and
N(G, z) be the neighborhood polynomial of the complement of G. Then

D(G,z) +N(G,x) = (1 +z)™
Proof. The theorem follows directly from Lemma 3.3. 0l

For the calculation of the domination polynomial in general graphs, there are two possible
ways. The first way is to find recurrence equations and the second is to find representations
of the polynomial which allow a (faster) computation of the polynomial. In this scope Kotek
et al. [KPT13] introduced in 2013 the concept of the essential vertex subsets of a graph. A
vertex subset W C V is called essential if one vertex u € V exists with N[u] C W. Let
Ess(G) be the set of all essential sets of the graph G. To calculate the domination polynomial
it is enough to sum over these essential sets.

Theorem 3.5. [KPT13] Let G = (V, E) be a graph. Then

D(G2) = ()M S (- <(1+x)\{veW|N[v]gW}|_1),
WeEss(GQ)

An open problem in the scope of the essential sets of a graph is to determine how many
essential sets has a given graph. Or more precisely: Can the number of essential sets of a
graph be bounded by some evaluations of the degree sequence, the minimum or maximum
degree? E.g. the complete graph has exactly one essential set (the whole vertex set) and the
complete bipartite graph K, , has 2" + 2™ — 3 essential sets.

Remark 3.6. The size of the smallest essential set equals 6(G) + 1.

As mentioned before, one interesting question about graph polynomials is: Does the graph
polynomial fulfill some recurrence equations with respect to vertex or edge operations? Let
G = (V,E) be a graph and u be a vertex of G. Then p,(G) is the domination polynomial of
G — NJu] under the condition that all vertices in N(u) are dominated in G. Together with
this special domination polynomial Kotek et al. [Kot+12] proved the following theorem.

Theorem 3.7. [Kot+12] Let G = (V, E) be a graph and u € V. Then
D(G,z) =D(G — u,z) + 2 D(G/u,x) + x D(G — Nu],z) — (1 + z)pu(G).

Kotek et al. also showed in their paper that the domination polynomial does not satisfy
any linear recurrence relation with the four vertex operations —v, /v, —N[v] and \N[v]. We
can use the same method to extend their result with one additional operation, namely ©uv.
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Theorem 3.8. Let G = (V, E) be an arbitrary graph and v be a vertex of this graph. Then for
the domination polynomial there exists no linear recurrence equation with the operations G—wv,
G/v, G — N[v], G\N[v] and G ® v. More precisely, no rational functions a,b,c,d,e € R(z)
exist such that

D(G,z) =aD(G —v,z) + bD(G/v,x) + ¢D(G — N[v], x)
+dD(G\N[v],z) + eD(G ®v,x). (3.1)

Proof. Suppose now that there exist rational functions a, b, ¢, d and e such that (3.1) is fulfilled.
Let now the graphs G;, for i € {1,...,6}, be the Ky, K3, P3, K4, P;, and Ps, respectively.
Now we apply the operations from the theorem to these graphs. In the complete graphs, the
vertex v is an arbitrary vertex of the graph. In the case of the Ps and the P5 we choose the
center vertex and in the case of Py we choose the second to last vertex. Then we obtain the
Table 3.1.

G—-—v G/v G—N[v] G\N[v] Gov
Ky K K 0 K K
Ks K, K, 0 K, Ky UKy
P KiUK;, Ky 0 K KUK,
K, Ks  Ks 0 K, K UK UK,
Py KyUK; Ps K, Ky Ky UK,
P KoUKy, Py KUK, Ps Ky U Ky

Tab. 3.1: Simple graphs and some vertex operations.

For all graphs of the Table 3.1 we can calculate the domination polynomials and obtain
Table 3.2.

G—v G/v G — N[v] G\N|v] Gowv
x? + 2z T T 1 T T
(1+2)3—1 2?42z 22+ 2z 1 x x?
23 +322 + z? 22 + 2z 1 T z?
(1+z)* -1 Q4232 -1 (142321 1 T 3
22 (x + 2)? w3 +222 2P+ 3+ T z? + 2z o3 + 222
2’ 4+ bzt 4+ 82% 4+ 322 (22 +22)? 2%(z+2)? 2 3+ 322 4+ (22 + 27)?

Tab. 3.2: Domination polynomials of some simple graphs.

The domination polynomials in Table 3.2 give us a system of linear equations. This system
has no rational solution for the variables a,b,c,d and e (this can be easily proved using
a computer algebra system), which is a contradiction to the assumption and therefore the
theorem is proved. O

Kotek et al. [Kot+12] also showed that for the domination polynomial no recurrence equa-
tion exists with the deletion, contraction and extraction of an edge. But it is possible to prove
a theorem which uses a combination of vertex and edge operations, as follows.
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Theorem 3.9. [Kot+12] Let G = (V,E) be a graph and e = {u,v} € E be an edge of G.
Then
D(G.2) =D(G = e,2) + —— | D(G = e/u,2) + D(G — ¢/v,2)
—D(G/u,z) = D(G/v,2) = D(G — N[u],2) = D(G — N[v], )

+D(G—e— N[ul,z) +D(G — e — N[u},x)]

3.1 Graph Products

In literature we find a lot of papers about the domination number of product graphs (e.g. see
[Ala+11; Klo99a; Klo99b]), but almost no attention has been given to the domination poly-
nomial of graph products. Kotek et al. [KPT14] has investigated the domination polynomial
of Cartesian products. In this section we prove some results about the lexicographic product.
In most cases it is not possible to give formulas for graph products with two arbitrary graphs
and therefore we look for results for the case that some special graphs, e.g. the complete
graph, are involved.

Theorem 3.10. Let G = (V, E) be a graph with at least two vertices. Then the domination
polynomial of the lexicographic product of the graph G and the complete graph K, (n > 2) can
be calculated with

D(G- K,,z) =D(G, (1 +z)" —1).

Proof. A vertex (v, w) of the product graph is adjacent to all vertices in the same row and to
all vertices in the row R, if u € Ng(v). Hence, the theorem follows. O

Theorem 3.11. Let G = (V, E) be a connected graph with m vertices and m,n > 2. Then
D(K, G,z)=(1+2)" —n(N(G,z) —1) — 1.

Proof. A vertex (v, w) of the product graph is adjacent to all vertices outside the row R, and
to some vertices of the row R, depending on the neighborhood of w € V(G) in G. Therefore,
every non-empty vertex subset of the product graph is a dominating set except of subsets
that only consist of vertices of one row and these vertices do not correspond to a dominating
set in G. These sets are counted by N(G,z) — 1 and the theorem follows. O

Theorem 3.12. Let G = (V, E) be a graph with m vertices and m,n > 2. Then the domi-
nation polynomial of the lexicographic product of the path P, with the graph G can be calculated
with

D(Py-G,z) =D(G,2) a1 + (N(Gz) = 1) (1 +2)™ = 1) f_o + gn_1.

fn denotes the domination polynomial of the graph P, -G under the condition that the first row
is already dominated and g, denotes the domination polynomial of Py, - G under the condition
that in the first row at least one vertex is dominating.

Proof. Again, we can distinguish three possible cases with respect to the dominating vertices
in the first row: (1) The dominating vertices of the first row correspond to a dominating set
in G, (2) at least one vertex in the first row is dominating, but the dominating vertices in
the first row do not correspond to a dominating set in G' and (3) no vertex in the first row is
dominating.
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1. If in the first row at least one vertex is dominating, then in the second row of the
product graph all vertices are dominated. The number of dominating sets of the first
row is counted by D(G, z) and the number of dominating sets of the remaining graph
with fnfl.

2. The number of non-dominating sets in the first row is counted by N(G,z) — 1. To
dominate the non-dominated vertices in the first row, there must be at least one vertex
in the second row dominating and therefore all vertices in the third row are dominated.

3. If in the first row no vertex is dominating, then in the second row at least one vertex
must be dominating.

The sum of the polynomials of the three cases yields the theorem. O

Lemma 3.13. In compliance with the requirements of the previous theorem for the polynomials
fn (forn>2) and g, (for n > 3) the following equations are valid:

fn :D(Pn_l . G, ZC) + ((1 + .%’)m — 1) fn—h
gn =D(G, ) fn_1 + (N(G,x) - 1) (IT+2)™=1) frn_o.

The initial conditions are

fr=(0+2)m,
g1 = D(G7 Cl','),
92 =D(G,2)(1+2)" + (N(G,z) = 1) (1 +2)" - 1).
Proof. Analog to the proof of Theorem 3.12. O

Theorem 3.14. Let G = (V, E) be a graph with m wvertices, m > 2. Then the domination
polynomial of the lexicographic product of the cycle C, (n > 4) with the graph G can be
calculated with

D(Cn : G, l’) = D(G, x)hn—l + ln—l
+ (N(Gy2) = 1) [2(0 +2)™ = 1) fas + (1 +2)™ = 1)hnsg]
h, denotes the domination polynomial of the graph P, - G under the condition that the first
and the last row is already dominated. Furthermore, l,, denotes the domination polynomial of

the graph Py, - G under the condition that in the first row at least one vertex or in the last row
at least one verter is dominating.

Proof. Analog to the proof of Theorem 3.12. O

Lemma 3.15. Let h,, and l, be the polynomials defined in the last theorem, with n > 2.
Furthermore, iy, for n > 5, denotes the domination polynomial of the graph P, - G under the
condition that at least one vertex in the first row and at least one vertexr in the last row is
dominating. Then

hy = ((1 + l,)m - 1)hn71 + fnfla

ln =2ip—1 + in,

in =D(G,2)%hp—2 + 2 (N(G,2) = 1) D(G,2)((1 + 2)™ — 1)hy,_3
+ (N(Gz) = 1) (1 +2)™ = 1) by s
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The initial conditions are

hy =(1+2)™,
i1 =D(G,x), ig = (1 + )™ — 1)%,
is =D(G,2)%h1 + (2 (N(G,2) —1) D(G, 2) + (N(G,z) —1)*) (1 + )™ — 1) and
is =D(G,7)*hs + 2 (N(G,z) — 1) D(G,2)((1 + )" — 1)y
+ (N(Gz) — 1) (1 +a)™ — 1)2.

Proof. The proof of the recurrence equations for h, and i, is analog to the proof of Theorem
3.12.

The polynomial [, is the domination polynomial of the graph P, - G under the condition
that in the first row or in the last row at least one vertex is dominating. Therefore, we have
two cases: (1) Exactly in one of the two rows dominating vertices exist and (2) in both of
the two rows dominating vertices exist. The last case is counted by i,. Suppose that in the
first row at least one vertex is dominating and in the last row no vertex is dominating. To
dominate the vertices in the last row, at least one vertex in the second to last row must be
dominating. This is counted with é,_1. The sum of the two cases yields the theorem.

O

3.2 Special Graph Classes

In this section we investigate the domination polynomial of some special graph classes. For
several graph classes, results are published in the literature (e.g. see [AO09; AT10; DT12]).

3.2.1 Complete and Nearly Complete Graphs

If in a complete graph at least one vertex is dominating, then all other vertices are dominated.
This yields immediately the dominating polynomial of the complete graph

D(Kp,z)=(142x)" —1.

Theorem 3.16. Let K,’j = (V,E) be a simple k-bounded complete graph with n vertices of
the type A(KF) = [ng,n1,n2,...,m]. Then

D(K,If,aj) =((1+2)™ — 1)(1 4 )"~
-1 l

P e - T At — (4o —1—am)| +am.

i=1 Jj=i+1

Proof. If at least one vertex of the clique of size ng is dominating, then the remaining n — ng
vertices are dominated. This leads to the first part of the equation.

Let i € {1,...,1 — 1}, the vertices in Vjp,...,V;_1 are non-dominating and at least one and
at most n; — 1 vertices are dominating in V;. Then these vertices dominate all vertices in
V\Vi, but the non-dominating vertices in V; will not be dominated. Therefore, at least one
vertex in Viy1,...,V; has to be dominating. This is counted by

l
A+ —1—a") | J] @+ -1
j=it+1
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If in V; all vertices are dominating, then all vertices are dominated and the vertices in the
vertex set V\V; can either be dominating or not. This yields

' ﬁ (1+2x)" 4+ 2™
j=i+1
and therefore the theorem follows. O
Theorem 3.17. Let M C E be a perfect matching of the complete graph K,, = (V, E). Then
D(K,—M,z)=(1+2x)" —1—nz.
Proof. All vertex subsets of size greater or equal two are dominating sets. O

Corollary 3.18. Let M C E be a matching of the complete graph K, = (V, E) and m = |M|.
Then
D(K, — M,z) = (1 +2)" 2"(1 + 2)*™ — 2mz — 1.

Theorem 3.19. Let G = (V, E) be a complete graph with k holes. Let n; be the size of the
i-th hole in the graph and m; = 22—1 ng, for j € {1,...,k}. Then

D(G,z) = (1+xnmk+z (1+2)"™ —1) ((1+2)™ — 1) + D(Ch,, )] — 1.

Proof. Apply Theorem 3.1 1terat1vely to the holes and the rest of the graph. O

Theorem 3.20. Let G = (V, E) be a (n,k)-star. Then
D(Snsx) = (14 2)" = 1)(1 + 2)" % 4 2"k

Proof. If at least one vertex in the start clique is dominating, then all other vertices are
dominated. This is counted by ((1 + z)¥ — 1)(1 + z)"~*. If all vertices in the start clique
are non-dominating, then every leaf-node must be dominating and therefore the theorem
follows. O

3.2.2 Bipartite and Nearly Bipartite Graphs

Theorem 3.21. [AP09b] Let K, = (X UY, E) be a complete bipartite graph with | X|=n
and |Y| =m. Then

D(Knm,z)=((1+2z)"=1)(14+2)" —1)+ 2™+ 2"

Theorem 3.22. Let G be the graph obtained from a complete bipartite graph K, ,, = (XUY, E)
by removing all edges of a perfect matching M. Then

D(G, z) =nz?(1 4 )"
+Z<> (T+2) =) Q+2)" + (1+2)" " —1— (n—1)z)].

Proof. If in X exactly one vertex is dominating, then all but one vertices in Y are dominated.
Hence, this single vertex must also be dominating. This is counted by nx?(1 + x)"~L.

Let now W be the set of dominating vertices of X and let |W| = 4, for i € {2,...,n}.
Furthermore, let U = {u € Y : Jw € W : {u,w} ¢ E(G)}. The vertices in W dominate all
vertices in Y. To dominate the n — ¢ non-dominated vertices in X we have two possibilities:
At least one vertex in U is dominating or all vertices in U are non-dominating and in Y\U
at least two vertices are dominating. This yields the sum in the theorem. O
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3.2.3 Paths and k-Paths

The following theorem gives a recurrence equation for the path P,. This result can also be
obtained from Theorem 3.7.

Theorem 3.23. [AP09a] Let P, be the path with n > 4 vertices. Then
D(Pp,x) = 2(D(Pp—1,2) + D(Pr—2,2) + D(Pr-3,2)),
with the initial conditions
D(Py,z) = =,

D(Pan) = 562 + 256)
D(P3,z) = 23 + 32% 4 .

Proof. Let v be the second vertex of the path. Applying Theorem 3.7 we obtain

D(Py,z) =D(P, —v,z2) + 2 D(P,/v,x2) + 2 D(P, — N[v],z) — (1 + z)py(Py)
=xD(Pp—2,2) + 2 D(Pp_1,2) + 2 D(Pp_3, ).

We can generalize the recurrence equation for the path to the simple k-path.

Theorem 3.24. Let ng) be a simple k-path with n vertices (k > 1 and n >k +2). Then

2k+1
D(PP,z) =2 Y DPY, x),
1=1

with the initial conditions

D(P®, z) =1, fori <0,

DM 2y =1 +a) -1, forie{l,...k+1}.
Proof. The proof uses the same idea as the proof of Theorem 3.23. O

Let D(P,gk), x) be the domination polynomial of the simple k-path PT(Lk). Then 2™ D(P,gk), 1)

yields the number of 01-words with length n, which contain no 2k + 1 zeros in a row and no
k + 1 leading and k + 1 trailing zeros.

3.2.4 Cycles and k-Cycles
Theorem 3.25. [DT12] Let C,, be a cycle with n > 4 vertices. Then
D(Cn,x) = 2(D(Cp-1,2) + D(Cr—2,7) + D(Cp_3, 7)),
with the initial conditions D(C1, ) = x, D(Cy,x) = 2> + 2 und D(C3,x) = 2° + 322 + 3.
Lemma 3.26. Let W, be a wheel with n > 4 vertices. Then

D(Wy,z) = D(Cp1,2) + 2(1 +2)" .
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Proof. If the center vertex of the wheel is dominating, then all other vertices are dominated
and they can either be dominating or not. This will be counted by z(1 + x)" 1. If the center
vertex is non-dominating, then the dominating vertices of the cycle must form a dominating
vertex set. 0

Theorem 3.27. Let C,, be a cycle with at least five vertices. Then
D(Cp,z) = (14+2)" — 1 —na — na?’.

Proof. Every vertex subset of size at least three is a dominating vertex set. A vertex subset of
size two is non-dominating if the two vertices are adjacent and have a common non-adjacent
vertex. In the C),, we have n possibilities to choose such a vertex subset. Hence, the theorem
follows. O

We can generalize the recurrence equation for the cycle to the k-cycle.

Theorem 3.28. Let Cflk) be a k-cycle with n vertices (k > 1 and n > 2k +2). Then

2k+1
DICH 2) =Y DOV, ),
=1

with the initial condition
DICH 2y = (1 +2)' =1, forie{1,...2k+1}.
Proof. The proof uses the same idea as the proof of Theorem 3.25 (see [DT12]). O

Let D(Cy(Lk), x) be the domination polynomial of the k-cycle. Then 2" D(C’T(Lk), 1) yields the
number of cyclic 01-words of length n > 2k 4+ 1, which contains no subword with 2k + 1
consecutive zeros. For these numbers W. Moser proved following theorem.

Theorem 3.29. [Mo0s93] Let L., (n) be the number of cyclic words consisting of zeros and
ones, which contains no w+ 1 zeros in series. Then

on. ifnefl,...  w
L(n) = 2" —1, fn=w+1

Ly(n—1)+-+Lyn—1-w)+n—-2w+1), ifw+2<n<2w+1

Ly(n—1)+---4 Ly(n—1—w), if n > 2w+ 2.

Corollary 3.30. Let D(C,(ZQ), x) be the domination polynomial of the 2-cycle. Then 2™ D(C’,(IQ), 1)
yields the ny, pentanacci number with initial conditions a(0) =5, a(1) =1, a(2) =3, a(3) =7,
a(4) = 15 (series A074048 of “The On-Line Encyclopedia of Integer Sequences® [OEI1]]).

3.2.5 Trees

The calculation of many graph polynomials can be done in polynomial time when restricted
to the class of trees. In this section, first we present a general algorithmic approach to calcu-
late graph polynomials in trees and then we specify it for the calculation of the domination
polynomial. Let T'= (V, E) be a tree and v € V be an arbitrary vertex of the tree. Let T,
be the rooted tree obtained from T with the root v and let T}V be the rooted subtree (with
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respect to the root v) with the root u of the subtree and all descendants of u. Let now P, be
a vector with n graph polynomials for the subtree T)) as elements. These graph polynomials
have some special properties with respect to the vertex u. The idea is to start the calculation
beginning with the leaves of the tree T, and going upwards in the tree until we reach the
root. For these upward steps, we need two operations: The first is the @-operation. By this
operation we are going one step upwards in the tree and adding the father w of the vertex u
and the edge {u,w}. The second operation is the ®-operation. By this operation we merge
two P-vectors of the same vertex. In Figure 3.1 we see a tree with the root 4 and the cor-
responding calculation steps. In the algorithm, the vector of the root v will be calculated in
the last step. This gives the graph polynomial for the whole tree.

Fig. 3.1: Rooted tree with root 4 and the corresponding calculation steps.

To prove the correctness of such an algorithm, it is necessary to show that the initial
assignments to the leaves, the two operations and the final calculation of the polynomial in
the root of the tree are correct. The running time of such an algorithm depends mainly on
the two operations @ and ®. Let O(®) and O(®) be the complexity of the two operations.
Then the complexity of the whole algorithm is O(mO(®) + nO(®)).

Now we specify the operations to calculate the domination polynomial. We assign to every
vertex u of the tree a vector with three components. We denote the i-th component of P,
with P!. The first component P} yields the domination polynomial of the subtree T under
the condition that the vertex u is dominating, the second component P2 under the condition
that the vertex u is non-dominating, but it will be dominated from at least one son. The third
component P32 yields the domination polynomial under the condition that u and all its sons
are non-dominating. Additionally, this polynomial counts non-dominating sets in the subtree
T, which are dominated sets in T,, —u. Let v € V be the root and v € V' be a leaf of the

u?
tree. We assign to u the vector

If we go one step upwards in the tree, the new vertex w can either be dominating or not.
If it is dominating, then it dominates its son. If it is non-dominating, then only if the son is
dominating or it is already dominated, we can obtain a dominating set. This yields

P, ow=PFP, = P!
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Let now w be a vertex of the tree with two sons and P,, and @Q,, be the two vectors calculated
for w from its sons. Now we merge these two vectors

PL(Qy/z+Q3) + QP
Py ®Qu= | P3Q% + P20 + POQ
PaQy,

The sum of the first two components of the vector of the root yields the domination poly-
nomial of the whole tree.

3.3 The Domination Reliability Polynomial

Now we want to look at the domination problem from the reliability point of view. We
are interested in the probability that in a graph with random failing vertices or edges, a
dominating set (with some properties) exists. In this section we only show some possible
directions for further research. Assume that the vertices of the graph are dominating with a
given probability p and the edges are perfectly reliable.

Let G = (V, E) be a graph whose vertices fail randomly and independently with a given
probability g, for all v € V. A failure in the context of domination means, that the vertex
is not in the dominating set. In such a graph we are interested in the reliability that a
dominating set exists. If we assume that ¢ = ¢, for all v € V, and p = 1 — ¢, then we can
define the domination reliability polynomial as

W]
DRel(G,p) = (1 —p)"| S (p>w.

WCv L=p

N[W]=V

The domination reliability polynomial was first introduced by Dohmen and Tittmann
[DT12|. They also showed that the domination polynomial and the domination reliability
polynomial are equivalent.

Theorem 3.31. [DT12] Let G = (V, E) be a graph whose vertices fail randomly and inde-
pendently with equal probability q =1 — p. Then

D(G,z) = (1 +2)VI DRel <G, : ji x>

and
DRel(G,p) = (1 —p)VID (G, 1p> .
-Pp
For more results and properties of the domination reliability polynomial we refer the inter-
ested reader to the paper of Dohmen and Tittmann [DT12].
Assume now that the edges of the graph are subject to random failure and the vertices are
perfectly reliable. First we ask for the probability that a given vertex subset is dominating.
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Definition 3.32. Let G = (V, E) be a graph. Suppose now that the edges fail randomly and
independently with the probability ¢ = 1 — p. Then the edge failure domination reliability
polynomial EDRel(G, A, p) is the probability that the vertex subset A C 'V is dominating in
G:

IF|
EDRel(G, A,p) = (1 —p)Fl 3" <p) :

FCE 1=p
Ng(my[Al=V

It follows directly from the definition that only the edges in JA are necessary for the
calculation of EDRel(G, A, p). Hence, the edge failure domination reliability equals zero if at
least one vertex exists which is not in the neighborhood of A.

Theorem 3.33. Let G = (V, E) be a graph and A C V. Then

EDRel(G, A,p) = ] (1 ¢Ne®nal)
veV\A

Proof. From every vertex in V'\ A at least one edge to a vertex in A must be intact. The term
1 — ¢Ne®NAl yields this probability for one vertex v € V\A. O

Theorem 3.33 shows that the edge failure domination reliability can be calculated in poly-
nomial time with respect to the number of vertices of the graph.

In the context of domination problems in graphs with failing edges, a lot of interesting
questions exist. So, one may ask how is the probability that in a graph with random failing
edges a dominating set with at most k, for 1 < k < n — 1, vertices exist? One can also
add some restrictions on the dominating sets, e.g. they must be perfectly dominating (every
dominated vertex is dominated from exactly one vertex). It is also possible to relax the
domination condition and introduce d-dominating vertex sets (a vertex subset W C V is
called d-dominating if every vertex in V\W has a distance of at most d from a vertex in W).
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4 The Independent Domination Polynomial

A vertex subset W of a graph G = (V, E) is called independent dominating if N[W] =V
and |W| = iso(G[W]). The independent dominating number +;(G) is the minimum size of an
independent dominating set of the graph G. A survey of recent results of the independent
domination number is given by Goddard and Henning in [GH13]. In this chapter we investigate
the independent domination polynomial, which is the ordinary generating function for the
number of independent dominating sets in a graph.

Definition 4.1. Let G = (V, E) be a simple graph and di(G) be the number of independent
dominating sets of size k in G. Then the independent domination polynomial is defined as

Di(G,z) =Y di(G)a*.
k=1

The independent domination polynomial D;(G, ) can be obtained from the trivariate do-
mination polynomial Y(G;x,y,2) (see Equation (5.7) on page 79). Like many other graph
polynomials, the independent domination polynomial is multiplicative with respect to the
components of the graph (which also follows from the connection to the trivariate domination
polynomial).

Lemma 4.2. Let G = (V,E) be a graph with two components G1 = (V1,E1) and Go =
(Va, E3). Then
D;(G,z) = Di(G1,z) Di(G2, z).

Proof. The proof of the lemma, follows directly from the definition of the polynomial. O

Theorem 4.3. Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs. Then we obtain
the following equation for the join of the two graphs.

Di(G*H7 JI) = DZ(GVI) +DZ(H7x)

Proof. Every independent set in G dominates all vertices in H and vice versa. If S C V(G) is
independent set but not a dominating set, then all vertices in H are adjacent to the vertices in
S and therefore the set S cannot be extended to an independent dominating set with vertices
of H. Hence, the theorem follows. O

Theorem 4.4. Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs and n = |V (G)].
Then

Di(GoH,z) = D;(H,z)"1 <G, D(;x)> .

Proof. Every independent vertex subset of G can be extended to an independent dominating
set in Go H. Let S C V(G) be an independent set in G, |S| = k and Hj,...,H,_j the
n — k copies of H which are non-adjacent to vertices of S in Go H. Then for all arbitrary
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independent dominating sets S; C V(H;), i € {1,...,n—k}, theset SUS 1 U---US,_k is an
independent dominating set in Go H.
Let iz be the coefficient of z* in I(G,z). Then

n n
> ik Di(H,2)"F = Di(H, 2)" Y iga® Di(H, )"
k=0 k=0
and therefore the theorem follows. O

Corollary 4.5. Let G = (V, E) be a graph and E, be an edgeless graph with r vertices. Then
Di(GoE,,z) = 2™ 1(G,z'™").
It is also possible to prove a nice formula for the r-expansion of a graph.

Definition 4.6. [GH13] Let G = (V, E) be a graph. Then the r-expansion exp(G,r) is the
graph obtained from G by replacing every vertex v € V with an independent set I, of size r
and replacing every edge {u,v} € E with a complete bipartite graph with the bipartite sets I,
and I,.

Theorem 4.7. Let G = (V, E) be a graph and exp(G,r) be the r-expansion of it. Then
D;(exp(G,r),z) = D;i(G, z").

Proof. Let W C V be an independent dominating set in G. Then in exp(G, ), all  vertices in
I, for w € W, must be dominating and all vertices in I, for u € V\W are non-dominating
because of the complete bipartite graphs between the vertices in I, and I,. Hence, every
independent dominating set in G can be expanded to exactly one independent dominating set
in exp(G,r) and vice versa. O

Theorem 4.8. Let G = (V, E) be a connected graph with at least two vertices. Then
> (—)"IDy(GW],z) = 1.
wcCcv

Proof. The proof follows the proof in [KPT13| with some minor changes. First of all, we
insert the definition of the independent domination polynomial in the equation and change
the order of the summation.

S E)ID e ) = S (D ST gl

WCv wWCv UCW
Naw [U]=W
iso(GU])=|U]
_ Z 2V Z (_1)IWI
UCcv wW.UCW
iso(G[U])=|U]| New) [lUI=W
= Y 2l > (—1)!"I (4.1)
iso(G[U])=|U]
_ Z 21Ul Z (=)Wl (4.2)
UCv W.UCWCNg[U]

iso(G[U])=|U|
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D DGO DI

ucv YCNg(U)
iso(G[0)=|U]|

=1.

In Equation (4.1) we sum over all vertex subsets W such that U is an independent domi-
nating set in G[W]. The condition W C Ngw (U] in Equation (4.1) guarantees that we sum
only over subsets W such that U is a dominating set in G[W]. Hence, in the inner sum W can
be every subset from Ng[U]. With these considerations we obtain Equation (4.2). Because of
the fact that U is included in every subset W of the inner sum, the summation is performed
only over vertex subsets included in Ng(U) and (—1)!Y! is factored out from the inner sum.
The second sum vanishes for every set U which is not equal V or () and therefore we obtain
the theorem.

O

Remark 4.9. Let G = ({v},0) be a graph with one vertex. Then
3 ~)"ID(GW],e) =1
wcv

If an arbitrary graph has more than one component we obtain the following corollary as a
consequence of Theorem 4.8 and Remark 4.9.

Corollary 4.10. Let G = (V, E) be a graph. Then

Y HMIDi(GW],2) = (1 - 2)™@).
wcv

Applying Mébius inversion to Corollary 4.10 yields the next corollary.
Corollary 4.11. Let G = (V, E) be a graph. Then

Di(G,z) = Z (—1)WI(1 — g)ise(GIW]),
wCv

The previous corollary yields a formula to calculate the coefficients of the independent
domination polynomial.

Corollary 4.12. Let G = (V, E) be a graph with n vertices. Then

n

k=0 wcCcv
iso(G[W])>k

Proof. Using the Corollary 4.11, we obtain

D;(G,x) = Z (_1>\W\(1 _ x)iso(G[W])
wcv
iso(G[W])

iso(G[W])
I NEILNY ( . >(—m)k

WCVv k=0
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0 Wcv
Nk Wtk [(1s0(GIW])
St S e (PG,
k=0 WCv

iso(G[W])>k

O

Definition 4.13. Let G = (V, E) be a graph and W be a vertex subset of the graph. The set
W is called i-essential if W contains the open neighborhood of at least one vertex of V\W.
We denote the family of i-essential sets of G by Ess;(G):

Ess;(G)={X CV:3weV\X:N(v) C X}.

Theorem 4.14. Let G = (V, E) be a graph with n vertices. Then

Di(G,z) = (-1)" Y (-DY ((1 _ ) {EV\UING(0)CUY _ 1) ‘
UCEss;(G)

Proof. Using complements with respect to V' in the sum of Corollary 4.11 yields:

D;(G,z) = Z (—1)WI(1 — z)iso(GIVD)

wCv
= 3 (—)VI(1 — gl G
UCVvV
=(=1)" Z (—DIVI(1 — ) {veV\UING@)CUY
UCcv
_ <_1)n< S () — ) E\UING U S (_1>|U|>.
UCEss;(G) Ucv

{veV\U|Ng(v)CU}=0

The second sum equals a constant term and therefore the first sum provides the independent
domination polynomial with some additional constant terms. Hence, it is enough to subtract
the constant factor in the first sum. 0

Lemma 4.15. Let G = (V, E) be a graph. Then

i W =6(G
wéﬁlsg}(a){' [} =46(G)

and
N(v) € Essi(G),v e V.

Proof. Suppose there exists a set U in Ess;(G) with |U| < §(G). Then a vertex v with
N(v) CU in G exists. But if such a vertex exists, then it has a degree less than §(G), which
is a contradiction.

The second equation follows from the fact that for every vertex v in G the open neighbor-
hood of this vertex is the smallest subset which fulfills the essential set condition. O
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The following lemma finds usage in the calculation of the independent domination polyno-
mial.

Lemma 4.16. Let G = (V, E) be a graph and W,U C V be vertex subsets of G. If W is
an independent dominating set of the graph G and W C U, then U is not an independent
dominating set.

Proof. Let W C V be an independent dominating set of the graph, then every vertex in V\W
is adjacent to a vertex in W. Therefore, every vertex subset W U {v}, for v € V\W, has at
least one adjacent pair of vertices and hence it is not independent in G. O

Corollary 4.17. Let G = (V, E) be a graph and S be the partial ordered set (P(V),C). Then
the set of the independent dominating sets of G is an anti-chain in S.

Theorem 4.18. Let G = (V1 UVa U {v}, E) be a graph and v ¢ Vi U Vs be an articulation of
G. Furthermore, let ViNVo =0, W1 = N(v) N V3 # 0 and Wo = N(v) N Vo # 0, such that
there is no edge between a vertex of V1 and a vertex of Vo in G. Then

D;(G,z) =z D;(G1 — N[v],x) D;(G2 — N[v], )

+ > (=)"HLIVID(G - NW),2) Di(G2 — N[W], 2).
WCWiuWs
W0
iso(G[W])=|W]|
Proof. If the articulation v is dominating, then all adjacent vertices are dominated and they
cannot be dominating. Therefore, this case will be counted by = D;(G — N[v], z). If the vertex
v is not dominating, then at least one neighbor must be dominating. But these vertices must
also form an independent set in G. With the principle of inclusion-exclusion and Lemma 4.2
the theorem follows. O

Corollary 4.19. Let G = (ViUVaU{v}, E) be a graph, v an articulation of G and Vo C N(v).
Then
DZ(G, SC) = LL’Dz(Gl — N[’U], ]7) + Di(Gh $) Di(GQ, a:)

Proof. The first part of the sum follows directly from the first part of the sum in Theorem
4.18. If the articulation is non-dominating, then at least one vertex in Go must be dominating.
Hence, the articulation will be dominated from the dominating vertices in G3 and the theorem
follows. O

4.1 Recurrence Equations

Definition 4.20. Let G = (V,E) be a graph and w € V. Then p.,(G) is the independent
domination polynomial of G— N [u] under the condition that all vertices in N (u) are dominated
from a vertex in G — Nu].

Remark 4.21. Let G = (V, E) be a graph and v € V.. Then
(G x) = Pl (G © v, z). (4.3)
Theorem 4.22. Let G = (V, E) be a graph and v be a vertex of the graph. Then

Di(G,x) = Di(G —v,z) — p'(G) + 2 D;(G — N[v],2).
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Proof. If the vertex v is dominating, then it dominates all vertices in the neighborhood and
these vertices cannot be dominating. This case will be counted by zD;(G — N[v],z). If
the vertex v is not dominating, then at least one vertex in N (v) must be dominating. The
polynomial D;(G — v, z) counts these independent dominating sets, but it also counts those
sets where no vertex is dominating in N(v). Therefore, we must subtract the polynomial for
these cases to obtain the theorem. O

Corollary 4.23. Let G = (V, E) be a graph, u,v € V and N(u) C N(v). Then
Di(G,z) = Di(G — v,z) — 2p’ (G — N[u]) + 2 D;(G — N[v] — u, z).
Corollary 4.24. Let G = (V, E) be a graph, u,v € V and N(u) = N(v). Then
Di(G,z) = Dy(G — v, z) + (? — ) D;(G — N[v] — u, z).
Theorem 4.25. Let G = (V, E) be a graph and v € V.. Then
D;(G,z) =D;(G —v,2) + D;(G ®v,z) — D;(G ® v, x).

Proof. To prove the theorem we use the idea of the proof of Theorem 5.22. Applying Equations
(4.3) to Theorem 4.22 yields

D;(G,z) — Di(G — v,z) =z Di(G — N[v],z) — pi(Q)
=2 D;(G — N[v],z) — p’(G ®w). (4.4)
Now applying Theorem 4.22 to the graph G ® v leads to
D;(G ®v,2) —D;((G o) —v,z) =2D;i((G®v) — N[v],z) — p’ (G O v). (4.5)
The Equations (4.4) and (4.5) together yield the theorem. O

The graph G o v can be obtained from the graph G by removing v and adding a loop to
every neighbor of v. A loop in the context of domination means that the vertex dominates
itself. If a vertex v has a loop, then v € N(v). Therefore D;(G o v, z) is the independent
domination polynomial of the graph G — v under the condition that no vertex in N(v) is
dominating. Together with Theorem 4.22 we obtain the following corollary.

Corollary 4.26. Let G = (V, E) be a graph (loops allowed) and v be a vertex of the graph.
Then

zD;(G — N[v],z) + D;(G —v,z) —D;i(Gowv,z), if v ¢ N(v)

Di(G,z) =
(G,2) {Di(G —v,2) — D;(Gow,x), otherwise.

It is also possible to prove a theorem which yields a recurrence equation for the deletion of
an edge in the graph.

Theorem 4.27. Let G = (V, E) be a graph and e = {u,v} be an edge of the graph. Then

D;(G,z) = Di(G —e,z) — 2 D;(G — N[u,v],z) + 2 D;(Gov — Nu],z) + 2 D;(Gou— N[v], z).
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Proof. Every independent dominating set from G is an independent dominating set in G — e,
except for some sets where either u or v are dominating. On the other hand, both vertices
u and v can be dominating in G — e, but not in G. Hence, we must subtract z2D;(G —
Nlu,v],z). Suppose now that only one of these two vertices is dominating and no vertex in
the neighborhood of the other vertex is dominating. This situation will be counted in the
graph G but not in the graph G —e. Therefore, we must add the polynomial for this case and
the theorem follows. Note that x D;(Gov— N[u], x) is the independent domination polynomial
under the condition that the vertex u is dominating and no vertex in the neighborhood of v
(except for u) is dominating. O

Corollary 4.28. Let G = (V, E) be a graph, e = {u,v} be an edge of the graph and Nu] =
Nlv]. Then

D;(G,z) = Dy(G — e,z) + (2 — 2*) D;(G — N[u], x).

4.2 Non-Isomorphic Graphs

An interesting question is: How well does the independent domination polynomial distin-
guishes non-isomorphic graphs? This is of interest especially in comparison to the domi-
nation polynomial and the independence polynomial. Figure 4.1 shows the smallest pair of
non-isomorphic connected graphs G; and G2 with the same independent domination polyno-
mial. These two graphs also have the same independence polynomial, but different domination
polynomials:

i Gg,{L’ :$3+2$2

Di(G1, ) = Di(Gz, @)

=1(Gy,z) =23 + 522 + 5z +1
(G, z)
(G2, x)

1(Gy,x)
G1,x) = x° 4 5at + 823 + 322
Go, ) = 2° 4 5a* + 927 + 422

Fig. 4.1: The smallest pair of non-isomorphic graphs with the same independent domination polynomial.

In the case of trees, Figure 4.2 shows two non-isomorphic trees with ten vertices with the
same independent domination polynomial. It can be shown by computer research that this
is the smallest non-isomorphic pair. They also have the same independence polynomial, but
not the same domination polynomial. In [DPT03] Dohmen, Pénitz and Tittmann gave a pair
of non-isomorphic trees having the same independence polynomial but different independent
domination polynomials and different domination polynomials.
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Fig. 4.2: The smallest pair of non-isomorphic trees with the same independent domination polynomial.

4.3 Graph Products

4.3.1 Cartesian Product

Theorem 4.29. Let H be o simple graph with n vertices and K,, be a complete graph with
m > A(H) + 1 vertices. Then

D;(HOK,,x) = x(H,m)z".

Proof. Tt is enough to show that every proper coloring with m colors of the graph H represents
an independent dominating set in HOK,, and vice versa. Let C' : V(H) — {1,...,m} be
such a proper coloring and let ¢(v) be the color of the vertex v € H. Then the vertex subset
{(v,¢(v)) : Vv € V(H)} is an independent dominating set of HOK,,. Every independent
dominating set can also be represented by a proper coloring because of the fact that in every
row exactly one vertex is dominating and no adjacent vertices are dominating. The number
of proper colorings with m colors is given by the evaluation of the chromatic polynomial and
therefore the theorem follows. 0

The following three corollaries are a direct consequence of this theorem.

Corollary 4.30. Let K, and K,, be two complete graphs and let n < m. Then
D;(K,O0K,,,x) = m™x".

Remark 4.31. D;(K,0K,,, 1) is the number of dominating non-attacking rooks on a n x m-
chessboard.

Corollary 4.32. Let K,, be a complete graph with n vertices, n > 3, and P, be a path with

m vertices. Then
D;(K,OPy,, z) = n(n — 1)™ 2™,

Corollary 4.33. Let K,, be a complete graph with n > 3 wvertices and Cy, be a cycle with
m > 2 vertices. Then

Di(K,O0Ch,z) =((n—1)" 4+ (=1)"(n —1))z™.

The independent domination polynomials of the product K,10P,, and K,UC,, have nice
combinatorial interpretations. The independent domination polynomial of the first product
yields the number of words of length m with n letters and no two adjacent identical letters.
In case of the product K,LC,,, also the first and the last letter are different. For n = 4, this
sequence can be found as A218034 in the OEIS [OEI14].
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Theorem 4.34. Let H be a simple graph with m vertices and K, be a complete graph with
n < A(H) vertices. Assume H has an unique vertex v with Nv] = V(H) and deg(w) < n—1,
for allw € V(H)\{v}. Then

n—1
D;(K,0OH,z) = x(H,n)z™ + 2™ Z(—l)k (Z) X(H —v,n—k).
k=0

Proof. The independent dominating sets of size m are counted by x(H,n). But it is also
possible to find independent dominating sets of size m — 1 which do not include the vertices
(x,v). More precisely, the vertices (z,v), for all z € {1,...,n}, are dominated if at least one
vertex in every set {(z,u) : w € Ny(v)}, for all x € {1,...,n}, is dominating. The evaluation
of the chromatic polynomial x(H — v,n) yields the number of ways to color the vertices in
V(H)\{v} with n colors. But now we count also those colorings where no vertex is chosen
from {(z,u) : v € Ng(v)} for some z € {1,...,n}. With the principle of inclusion-exclusion,
the theorem follows. O

The last two theorems have some restrictions to the maximum degree in the graph H.
Therefore, it would be useful to have a more general version of these theorems. The next two
theorems yield the independent domination polynomial of the product graphs Ko[1H and
K3UH, respectively, for which H is an arbitrary graph.

Theorem 4.35. Let Ky be a complete graph with two vertices and H = (V, E) be a graph
with n, n > 2, vertices. Then

Dy(FKo0H,z)= > " NeWID(H — W — Ny [V — Ny[W]), z).

WCVv
W0

W ind.
V\Ng [W] ind.

Proof. Let W and U = V\Ng[W] be independent vertex subsets of H. Then the vertices in
the sets {(1,w) : w € W} and {(2,u) : u € U} dominate all vertices in the product graph
except for the vertices in {(2,v) : v € Ng(W)\Ng(U)}. These are exactly those vertices in
the second row, which are not adjacent to the vertices in {(2,u) : u € U}. Therefore, any
independent dominating set of these vertices together with the vertices in W and U form an
independent dominating set in Ky[JH. O

It is possible to generalize the idea of the last theorem to products of a K3 with an arbitrary
graph.

Theorem 4.36. Let K3 be a complete graph with three vertices, H be a non-empty graph with
n, n > 3, vertices and N[W] = Ng[W]. Then

D(KsOH,z) = Y " INW) > 3 L ZIHIV\N[Z]] o

wcv UCVAN[W]  ZCN(W)\N(U)
W0 U ind. ZUU ind.
W ind. (V\N[W\U ind. (Y\N[Z])UX ind.

« Dy(H[N(W) — Z — N|X] — N[Y — N[Z]],z),

with X = (VA\N[W)\U and Y = N(W)\N(U).
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Proof. The idea of the theorem is to choose a non-empty independent set W in the first row
of the product graph. The vertices in W are the only dominating vertices in the first row
(see Figure 4.3). The non-dominated vertices in the first row are dominated by the vertices
in the sets U and X in the second resp. third row. From the subset Y = N(W)\N(U)
of the non-dominated vertices in the second row, we choose again an independent subset Z,
which has the property that the vertex subset Y\N|[Z] is also an independent set. The only
vertices which now are non-dominated are the vertices in the third row, which are in N(W)
and adjacent to Z, but not adjacent to Y\N[Z]. For the induced subgraph of these vertices,
we calculate the independent domination polynomial and the theorem follows. O

Fig. 4.3: Illustration of the proof of Theorem 4.36.

In the case of P,[0P,, not much is known about independent dominating sets, but it is
already known (see [Weic|) that the independence number of such products is simply
mn
a(PpOP,) = {7} .

The calculation of the independent domination number is much more complicated. There are
only few easy cases known. If m = 3, then we have (see [Cor91|)

-2
v(P0P,) =2 V > J + 2.

To prove a recurrence equation for the independent domination polynomial of the product
graph P300P,, we distinguish which vertices in the last column are dominating. The first
observation is that at least one vertex in the last column must be dominating. If this is
not the case these three vertices cannot be dominated by an independent dominating set. If
the vertex (1,n) is dominating, then the vertices (1,n — 1) and (2,n) are dominated. The
remaining graph will be denoted by G (see Figure 4.4(a)). If the vertex (2,n) is dominating,
then the vertices (1,n), (3,n) and (2,n — 1) are dominated. The remaining graph will be
denoted by G2 _; (see Figure 4.4(b)). If the vertices (1,n) and (3,n) are dominating, then
the vertices (1,n — 1), (2,n) and (3,n — 1) are dominated and this graph will be denoted by
G3 | (see Figure 4.4(c)).

n—1
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1 n—2 n 1 n—2 n 1 n—2 n 1 n—2 n
n—3 n—1 n—1 n—3 n—1 n—3 n—1

n—3

(a) G (b) G7 (c) Gu (d) G

Fig. 4.4: Graphs G, G2, G3 and G2

This case distinction leads directly to a recurrence equation for the independent domination
polynomial:

D;(P0P,, ) = 22 D;(GL, 2) + 2 Di(G%_1,x) + 22 Dy(G3_,, 2). (4.6)

n—1»
The following theorem provides recurrence equations for the graphs G, G2 and G3.

Lemma 4.37. Let GL, G2 and G3 be the graphs defined above and the graph G be obtained
from the graph P3P, by deleting the vertex (3,n) (see Figure 4.4(d)). Then

D;(G),z) =z (Dy(G3_y,2) + Di(G}_y, 7)) |

n—1

(G,
D;(G%,z) =2* (Di(G2_1,2) +2Di(Gp_y, ) + Di(Go_y, @),
D;(G3,2) =z (Di(G5_1,2) + Di(Gr_y,2)) |
D;i(Gy,x) =z (Di(Gn_y,2) + Di(G:_1, 7)) .

The initial conditions are

D; (G}, ) =zt 4 322,

D;(G%,z) =22, D;(G3,x) = 2° + 32,
D;(G3, z) ==z, D;(G3,z) = 23 + z,
D;(G1,z) =2x.

Proof. We use again case distinction for the four types of graphs.

GL: Tf the vertex (3,n) is dominating, then the vertex (3,n — 1) is dominated. This leads
to D;(G3_;,x). If the vertex (3,n) is non-dominating, then the vertex (3,n — 1) must be
dominating. This case will be counted with z D;(G2_,, z).

G?%: Notice that exactly one of the vertices (1,n) and (1,n — 1) and exactly one of the
vertices (3,n) and (3,n — 1) must be dominating. There are four possible choices of two
vertices which fulfill these conditions. These different choices lead to the recurrence equation
for this special graph.

G3: Tf the vertex (2,n) is dominating, then the vertex (2,n — 1) is dominated and the
remaining graph is the graph G2_;. Therefore, this case will be counted by = D;(G?_,, ). If
the vertex (2,n) is non-dominating, then the vertex (2,n — 1) must be dominating. In this
case the vertices (1,n — 1), (2,n —2), (2,n) and (3,n — 1) are dominated and this will be
counted by x D;(G2_,, z).

G4: Notice that exactly one of the two vertices (1,n) and (2,n) must be dominating. If
the vertex (1,n) is dominating, then the vertices (1,n — 1) and (2,n) will be dominated and

this will be counted by zD;(G%_;,x). If the vertex (2,n) is dominating, then the vertices

n—1°

(1,n) and (2,n — 1) are dominated. This leads to the graph G?_; and will be counted by
rD;(G2_,,z). O



54 4 The Independent Domination Polynomial

In the Equation (4.6) the independent domination polynomial of the graph G! can be
replaced with the equation in the previous lemma. This provides a recurrence equation which
only depends on the graphs G2, G3 and G2:

D;(P0P,, x) = 22 Dy(G3_ 1, 2) + e Dy(G?_1, x) + 22 D (G2 _,, ).

The problem with this method is that for larger m the recurrence equations get more

complicated and it is therefore not practicable for such cases.

4.3.2 Tensor Product

The first theorem provides an equation for the independent domination polynomial of the
tensor product of two complete graphs.

Theorem 4.38. Let K,, and K, be two complete graphs. Then
D;(K,, x Ky, z) =ma"™ + na™.

Proof. If a vertex of the graph is dominating, then all vertices are dominated except for the
vertices in the same row and column of the chosen vertex. Let (v, w) be this dominating vertex.
It is only possible to choose an additional dominating vertex in the row R, or the column
w. If we choose a vertex in the row R, then all vertices in the column w are dominated.
Therefore, all non-dominated vertices in the row R, must be dominating. So we have m ways
to choose a column with n vertices and n ways to choose a row with m vertices. O

The second result is about the product of a path with a complete graph. Let GI* be the
graph obtained from the product graph P,_; x K,, by adding an additional vertex which is
adjacent to all but one vertices in the first row (see Figure 4.5).

Theorem 4.39. Let P, be a path with n vertices, n > 4, and K,, be a complete graph with
m vertices (m >2). Then

Di(P, X K, z) = 2™ Di(Py_o X Ky, ) + 2™ Di(Po_3 X Ky, ) + ma® Dy (G™ ,, x),
with the initial conditions
Di(Py X Ky, z) = 2™ and Dy(Py x Ky, ) = ma? 4 22™.

Proof. If no vertex is dominating in the first row, then in the second row at least two vertices
must be dominating and therefore all vertices in the third row are dominated. The non-
dominated vertices in the second row can only be dominated by themselves. This leads to the
term 2™ D;(P,—3 X K, x). If all vertices are dominating in the first row, then all vertices in
the second row are dominated. This yields the term 2™ D;(P,—2 X Ky, z). If in the first row
exactly one vertex is dominating, then in the second row all but one vertices are dominated,
but this one non-dominated vertex must be dominating. Otherwise, the remaining vertices in
the first row cannot be dominated. The single dominating vertex in the second row dominates
all but one vertices in the third row. The remaining graph is the graph GI* ,. O

A recurrence equation for the independent domination polynomial of the graph G* is proved
in the following.
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Fig. 4.5: The graph G3.

Lemma 4.40. Let G} be the graph just defined, n > 4 and m > 2. Then

DG x) = xDy(G)y,x) + (m — 1)562 DG 5, x) + 2™ Di(Ph—3 X Kp,x),

n—3»

with the initial conditions
D;(G7',z) = x and D;(GY, z) = 2 + 2™,
Proof. The proof uses the same idea as the proof of Theorem 4.39. O

We can use the same idea to prove a result for the product C, X K,,, which is slightly
more complex. For this equation, we need some special graphs again. Let H)" be the graph
constructed from the graph P, s x K, by adding two additional vertices u and v, which
are adjacent to all but one vertices in the first and the last row, respectively. The two non-
adjacent vertices are in the same column of the product graph (see Figure 4.6). The graph
I is constructed in the same way except for the fact that the two non-adjacent vertices of u
and v in the first and the last row are not in the same column.
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Fig. 4.6: The graphs HZ (left) and I2 (right).
Theorem 4.41. Let C,, be a cycle with n vertices (n > 7) and K,, be a complete graph with
m wvertices (m >2). Then

D;(Cpy X K, ) =22 Di(Po_3 X Ky ) + 22" Di(Po_g X Ko, )
+ma® [2(m — 1)2® Di(I}" 5, @) + Di(Hy g, ) + 22 Di(G 5, 7)] -

Proof. The proof uses the same idea as the proof of Theorem 4.39. O
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Lemma 4.42. Let H]" and I be the graphs just defined. Furthermore, let n > 4 and m > 2.
Then

D;(H™, z) =z D;(H™ 1, ) + 2™ D;(G™ 5, 2) + (m — 1)a? D;(I™ 5, x),

n—1» n
Di(I;, x) =z Di(I; 1, x) + 2™ Di(G} 3, )

n—1
4+ (m —2)22 Dy(IM 5, ) + 2* Dy (H™ 5, ),
with the initial conditions
D,(H{",z) =0, D;(HY" x) = 2?,
D;(I",x) =1 and D;(I3",z) = 2x.
Proof. The proof uses the same idea as the proof of Theorem 4.39. O

The tensor product of two connected graphs is sometimes non-connected. Weichsel proved
the following theorem in 1962, which yields a characterization for such non-connected product
graphs.

Theorem 4.43. [Wei62] Let G and H be connected graphs. The graph G x H is connected if
and only if either G or H contains an odd cycle. The graph G X H has exactly two components
if G and H are bipartite.

The following lemma is a consequence of this theorem.

Lemma 4.44. [Klo99a] The tensor product P, x Py, n,k > 2, consists of two components.
Moreover, if k = 2, the components consist of two paths of length n. If both k and n are
odd, these components are not isomorphic. If at least one of these two numbers is even, the
components are isomorphic.

A direct consequence of the previous lemma is that the independent domination polynomial
of P, and P, can be calculated by

D;(P, X Py, z) = Di(P,, z)2.

For the product P, x P3 we distinguish two cases. If n is odd, then the first component,
denoted by G, consists of | 5] connected cycles (see the blue vertices in Figure 4.7(a)) and
the second component, denoted by G;;’, consists of [§] connected cycles and four additional
hanging vertices (see the red vertices in Figure 4.7(a)). If n is even, then the two components
are isomorphic and consist of |5 | connected cycles and two additional hanging vertices (see
Figure 4.7(b)). Such a component will be denoted by G,.

First we prove recurrence equations for these three different graphs.

Lemma 4.45. Let G, G, and G, be the graphs just defined, with n >4 and m > 2. Then

Di(G,,x) =2 Di(G,, 5, 2) + 2> Di(G, 5, 1),
Di(G,,x) =2 Di(Gy_s, ) + 22 Di(G,_3, ),

Di(G,, ,x) =2* Di(G,_y, ) + 2 Di(G),_g, ).

The initial conditions are
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10 11 12

10 11 12

13 14 15

XA
RS
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13 14 15 16 17 18

(a) Tensor product Ps x Ps (b) Tensor product Ps x Ps

Fig. 4.7: Tensor products of two paths.

Proof. The proof uses the same idea as the proof of Theorem 4.39. Ul

Lemma 4.45 together with the previous considerations yields the following theorem.

Theorem 4.46. Let P, be a path with n vertices (n > 2). Then

/ . .
., x)?, if nis even

1/ 117

n: ) Di(G,, , ), otherwise.

D;
DZ<Pn X Pg,x) = {Dgg

4.3.3 Lexicographic Product
Theorem 4.47. Let G and H be graphs. Then

Proof. Let W C V(G) be an independent dominating set in G. Then the set W' = {(w, 1) :
w € W} dominates all vertices in {(v,u) : v € V(G)\W,u € V(H)} and {(w,v) : w e W,v €
Npg[1]}. Let I C V(H) be an independent dominating set in H. Now we construct the set W”
from W' by replacing the vertex (v,1) € W’ with the vertices (v,w), for w € I. This set W”
is an independent dominating set in the product graph and every independent dominating set
can be constructed in this way. Therefore, the theorem follows. O

A direct consequence of the last theorem is the following corollary. This result can also be
found in [NR96].

Corollary 4.48. Let G and H be graphs. Then

%i(G - H,z) = ~;(G)vi(H) and
a(G-H,z) = a(G)a(H).

Corollary 4.49. Let G = (V, E) be a graph and K,, be the complete graph with n vertices.
Then
Di(G - Ky, z) = D;(G,nzx).

Corollary 4.50. Let G = (V, E) be a graph and K, be the complete graph with n vertices.
Then
Di(K, - G,z) =nD;(G,x).
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For the product of P, and C),, with an arbitrary graph G, it is also possible to prove
recurrence equations with respect to smaller product graphs.

Remark 4.51. The independent domination polynomial D;(P, - G,x) equals one for n = 0.
Theorem 4.52. Let G = (V, E) be a graph and P, the path with n > 3 vertices. Then

Proof. If at least one vertex of the first row is in the dominating set, then it dominates all
vertices in the next row and there cannot be a dominating vertex in this row. If the dominating
vertices of the first row only form a partial dominating set with respect to the vertices of this
row (one copy of G), then the non-dominated vertices in the first row cannot be dominated
because all neighbors of these vertices are adjacent to an already dominating vertex. This
case will be counted by D;(G, x) D;(P,—2 - G, x). If there is no dominating vertex in the first
row, then these vertices can only be dominated by a vertex of the second row. Therefore, the
dominating vertices in the second row must be an independent dominating set. This will be
counted by D;(G,z) D;(P,—3 - G,z) and the theorem follows. O

Theorem 4.53. Let G = (V, E) be a graph and Cy, be the cycle with n vertices (n > 6). Then

Proof. If the vertices in the first row form an independent dominating set, then all vertices in
the second and in the last row are dominated. This case is counted by D;(G, ) D;(P,—3-G, z).
If no vertex is dominating in the first row, then at least one vertex in the second or the last
row must be dominating. If the vertices in the second row form an independent dominating
set, then all vertices in the first and in the third row are dominated. This case is again counted
by D;(G,x) Di(P,—3 - G,x). The last case is that in the first and in the second row no vertex
is dominating. Then at least one vertex in the last row and at least one vertex in the third
row must be dominating. This yields D;(G,x) D;(P,—¢ - G, ) and the theorem follows. [

4.3.4 Strong Product
Klobutar [Klo05] showed that the independent domination number of the strong product of

two paths v;(P, M P,) is equal to [§][%] and the independence number a (P, X P,) is equal
to [F][5]. If m and n are odd, then the number of maximal independent dominating sets is

equal to one. This follows directly from the results in [Klo05].

Theorem 4.54. Let G = (V, E) be a graph and K, be the complete graph with n vertices.
Then
Di(K, X G,z) = D;(G, nz).

Proof. The proof is analog to the proof of Theorem 4.47 and the Corollary 4.49. O

4.4 Special Graph Classes

As mentioned before, the calculation of the independent domination polynomial can be done
easily in some special graph classes. The independent domination polynomial of the edgeless
graph F, is simply 2™ and for the complete graph, it is given by

D;(Ky,z) = nx. (4.7)
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Theorem 4.55. Let G = (V, E) be a graph obtained from a complete graph K, by removing
all edges of a matching M of size k. Then

Di(G,x) = (n — 2k)x + k.

Proof. There are n — 2k vertices in the graph G of degree n — 1 and therefore each of these
vertices dominates the other vertices of the graph. This is counted by (n — 2k)z. If a vertex
incident to a matching edge is dominating, then this vertex dominates all vertices of the graph
except for the other vertex of the matching edge. Therefore, this vertex has to be dominating
and we have k possibilities to choose such a pair. O

Theorem 4.56. Let K, = (V1 U Vs, E) be a complete bipartite graph. Then
Di(Kpg, x) = 2P + 9.

Proof. If at least one vertex is dominating in V7, then all vertices are dominated in V5. Hence,
all vertices in V) must be dominating so that they are a dominating set in the graph. The
same argumentation holds if at least one vertex in Vs is dominating. O

Corollary 4.57. Let G = (V, E) be a graph obtained from a complete bipartite graph K,q by
removing all edges of a matching M of size k. Then

Di(G,z) = 2P + 2 + ka?.

Simple k-paths form another interesting graph class. If a vertex in a simple k-path is do-
minating, then it dominates the next k and the k vertices before this vertex in the path.
Therefore, exactly one of the first k + 1 vertices has to be dominating. Let pfl be the inde-
pendent domination polynomial of the k-path with n vertices. Then

k+1
k __ k
Pp = § :pn—k—i‘
i=1

Formally, we define that p¥ = 1 for all n < 0. As a consequence of the previous equation,
we obtain a recurrence equation for the independent domination polynomial of the path.

Corollary 4.58. Let G = (V, E) be the path P, with at least four vertices. Then
Dz(Pru .7]) =x Di<Pn—27 .ZL') +x Di(Pn_g, (L‘)
The initial conditions are
Di(PI; .%') =x,
D;(Py,x) = 2z and
Di(Pg, 1‘) = 1'2 + x.
We can use the standard method to solve a recurrence equation and obtain

xz + 2wz + x23
1—a22 —x23

G(z) =

If = is equal one, this function simplifies to

23 4+2224 2

G(z):_z3+22—1'
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The series a(n), listed as A000931 in the On-Line Encyclopedia of Integer Sequences
[OEI14], counts the number of compositions of n in parts that are odd and greater than
or equal to three. Moreover a(n) is also the number of strings of length n — 8 from an alpha-
bet {A, B} with no more than one A or two B’s consecutively. Now taking the generating

function of the series A000931 )

H(z)zl—zQ—z?’

and shifting the series by six yields

1 1— 22 B 56 7_23+222+z
1—22-23 B+22-1"

6

This result is equal to the generating function G(z). Therefore, we can use the explicit
formula for a(n + 3) posted by Paul Barry [OEI14]

L5)

an+3) =3 <n_’“2k>

k=0

to obtain a formula for the number of independent dominating sets of the path P,:

[(n+3)/2] "
Di(Frl)= 3 <n—2k+3>'

k=1

There is also a more explicit formula for a(n) given by Keith Schneider [OEI14]. Using this
formula, we obtain:
TTH_G Sn+6 tn+6
"o 133t ary

where 7, s,t are the three roots of z° — z — 1.
Moreover, we can use these ideas to obtain an explicit formula for the independent domi-
nation polynomial of the path P:

L(n+3)/2]

k+1

Di(Poz)= Y <n ok 1) zk. (4.9)
k=1

Because of the fact that the binomial coefficient is zero for some of the k’s, we can restrict
the range of the summation. The two inequalities

k+12n—2k+1@k2%amd
n+1

n—2%k+1>0sk<

lead to

(n+1)/2]
E+1 0\
Di(Pua) = <n 2k 4 1)9” '

k=[n/3]

We can use the polynomial of the path P, to prove a theorem for the cycle C,.
Theorem 4.59. Let G = (V, E) be the cycle Cp, (n>5). Then

Dz(Cn, 33) =2z Di(Pn_g, 1‘) + z? DZ‘(Pn_G, l‘)
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Proof. We number the vertices of the cycle as 1,...,n. If the vertex 1 of the cycle is domina-
ting, then its two neighbors 2 and n are dominated and they cannot be dominating. This case
will be counted by z D;(P,,—3,x). If the vertex 1 is not dominating, then one of its neighbors
must be dominating. If the vertex 2 is dominating, then the first vertex is dominated and
the vertex n can either be dominating or not. This case will be counted by z D;(P,—3,x). If
the vertices 1 and 2 are non-dominating, then the vertices 3 and n must be dominating. This
yields the last part of the sum and the theorem is proved. O

Using Equation (4.9) yields
1252

4 B k+2 k+1 ka2
Di(Cn,2) = - (2<n—2k‘—4)+<n—2k‘—5>>x '

Lemma 4.60. Let G = (V, E) be a wheel graph W,, with n vertices (n > 4). Then
DZ(Wn, {L‘) =x+ Di(Cn_l,a:).

Proof. If the center vertex is dominating, then all other vertices are dominated. If the center
vertex is non-dominating, then every independent dominating set of the vertices of the cycle
is an independent dominating set of the whole graph. O

Lemma 4.61. Let G = (V, E) be a fan graph F,, with n vertices (n > 3). Then
Dz(Fn,x) =x+ D,L‘(Pn,h 3})

Proof. The proof uses the same argumentation as the proof of Lemma 4.60. Ul

4.4.1 Trees

First we investigate some special trees, which are well known in the literature and have some
nice properties. In this section, also an algorithm for arbitrary trees will be given.

The centipede Cen,, was introduced by Levit and Mandrescu [LMO05] and it is a tree obtained
by the union of a path P, and the edgeless graph E,, together with n edges connecting every
vertex of the path with exactly one vertex of the E,, and vice versa (see Figure 4.8). Levit and
Mandrescu proved a recurrence equation for the independence polynomial and it is already
known [Weib| that the rank polynomial of the centipede is

R(Cen,,z,y) = (1 + )"

A

Fig. 4.8: The Centipede Cens.

If the first vertex of the path is dominating, then it dominates its adjacent pendant vertex
and the second vertex of the path. Therefore, the adjacent pendant vertex of the second
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vertex must be dominating. If the first vertex of the path is non-dominating, then its adjacent
pendant vertex must be dominating. These two cases together yields

D;(Ceny,, z) = 2 D;(Cen,_1, z) + 22 D;(Cen,,_o, )

with the initial conditions D;(Ceng, z) = 1 and D;(Ceny, z) = 2.
Solving this recurrence equation yields

(5—=3V5)(1— V5" +(5+3V5)(1 + ﬁ)”xn
2n+15 :

D;(Ceny,z) =

Please note that D;(Cen,, 1) is the number of binary sequences of length n that have no
consecutive zeros. This sequence is the well known Fibonacci sequence (for more information
see the series A000045 in the On-Line Encyclopedia of Integer Sequences [OEI14]).

In a certain sense, a generalization of the centipede is the firecracker. An (n, k)-firecracker
F, 1, n,k > 2, is a graph obtained by the concatenation of n stars Sy by linking one leaf from
each, such that the linked leaves form a (induced) path P, in F), j (see Figure 4.9). If k is
equal to two, then F}, o = Cen,,. Please note that the independent domination polynomial of
the star Sy is = + 2%~ L.

YYYYY

Fig. 4.9: Firecracker F5 4.

Theorem 4.62. Let F, , be a (n,k)-firecracker with n > 2 and k > 3. Then
Di(Fn,k7 .T) = (ka_S + xk) Di(Fn—Q,lm $) +x Di<Fn—1,k7 .QZ') + (1,3]6—5 + ZCQk_Q) Di(Fn—?)Jca I’),
with the initial conditions

Di(FO,k‘ax) = 17
D;(Fi,2) = =+ 2" and
Di(Fop,z) = 222k 4 oxk 4 22,

Proof. Suppose that the first vertex in the induced P, is dominating (the vertex v in Figure
4.9), then the center vertex of the corresponding star is dominated and the remaining k — 2
vertices must be dominating. In the second star one leaf is dominated and therefore we have
to multiply the polynomial of this case with D;(Sy_1, ) = 2+ 2*~2. This yields the first part
of the sum in the theorem.

If the first vertex of the path is non-dominating, then it either can be dominated by the
center vertex of the corresponding star or only by the second vertex of the path. In the first
case, the center vertex has to be dominating and all vertices of the first star are dominated.
In the second case, the second vertex in the path dominates the first and the third vertex and
the center vertex of the second star. Therefore, we have two non-dominated stars with £ — 1
vertices and k — 2 isolated vertices, together with the rest of the firecracker. This yields the
last part of the sum of the theorem. O
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An (n,k)-banana tree B, is a graph obtained by connecting one leaf of each of the n
copies of a star Sy with a single root vertex which is distinct from all the stars (see Figure
4.10). For k equal to one the (n,1)-banana tree is isomorphic to the star Sp,41. The rank
polynomial of the (n, k)-banana tree is [Weia|

R(By i 2,y) = (1 +z)"".

Fig. 4.10: Banana tree B3 4.

Theorem 4.63. Let B, ;, be a (n, k)-banana tree, with n > 1 and k > 2. Then
Di(Byk, ) = 2 Di(Sg—1,%)" 4+ Di(Sk, )" — 2"

Proof. If the root is dominating, then in every star one vertex is dominated and we have
n remaining stars with & — 1 vertices. If the root is non-dominating, then we calculate the
product of the independent domination polynomial of the n stars. But we also counted the
case that the center vertex is dominating in all stars and therefore the root of the banana
tree will not be dominated. Hence, we have to subtract the polynomial of this case and the
theorem follows. O

Like for other graph polynomials, the calculation of the independent domination polynomial
of arbitrary trees can be done very fast. The first step is to transform the tree into a rooted
tree and then calculate the vector P, with three components for every vertex of the tree (see
Section 3.2.5). The first component of P, is the independent domination polynomial under
the condition that the vertex u is dominating and all vertices lower than u are independently
dominated. The second component of the vector is the polynomial under the condition that
the vertex w is non-dominating, but u is dominated from a child. The last component is
the polynomial under the condition that u is non-dominating and is not dominated from a
child. The sum of the first two components of the P-vector of the root yields the independent
domination polynomial of the tree.

It remains to specify the two operations of the tree algorithm (see Section 3.2.5). If we go
one step upwards (@), then we add the vertex w and the edge {u,w}. The vertex w can only
be dominating if the vertex u is not dominating. Therefore, P. = P2 + P3. If the vertex w is
dominated but non-dominating, then the vertex u must be dominating and hence P2 = PL.
If the vertex w is non-dominating and non-dominated, then the vertex v must be dominated
and therefore P2 = P2.

Let now w be a vertex with two child vertices u and v and let Pw be the vector for w
obtained from u and P,, the vector obtained from v. If the vertex w is a dominating vertex,
then it must be a dominating vertex in both branches. If w is dominated, then at least one
child must be a dominating vertex. If w is neither dominating nor dominated by another
vertex, we must multiply the two possible cases.
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+PLP
P,=P,®P,= | P2P2+ P2P3 + P3P2
P3P3

4.5 Independent Domination Reliability

Like for other counting problems, it makes sense to look for corresponding problems in the
reliability context. Doing this, we find two different perspectives. The first point of view is
that all vertices of the graph are dominating with a given probability p and the edges are
perfectly reliable. On the other hand, we can assume that the edges of the graph are subject
to random failure and we ask for the probability that an independent dominating set with (at
most) k vertices exists. In this thesis, we only investigate the first case.

Definition 4.64. Let G = (V, E) be a graph whose vertices are subject to random and inde-
pendent failure with probability ¢ = 1 — p and |V| = n. Then the independent domination
reliability polynomial is defined as

DRel;(G,p) =Y di(G)p"(1 —p)" .
k=1

According to this definition, the independent domination reliability polynomial is equivalent
to the independent domination polynomial. With ¢ =1 — p we obtain

DReli(G,p) = ¢" Di(G, p/q)- (4.10)

On the other hand we can obtain the independent domination polynomial from the reliability
polynomial with
D;(G,x) = (1 + z)" DRel;(G, z/(1 + x)). (4.11)

The independent domination reliability function is not s-shaped as it is typical for many
reliability functions, e.g. all-terminal reliability. Figure 4.11 shows the independent domi-
nation reliability polynomials of the diamond graph, the path P; and the Petersen graph.
This shape is a consequence of the fact that if all vertices are dominating, then the resulting
dominating set is not an independent set in the graph. Therefore, one interesting property is
the maximum point of the function. More precisely, which value of p gives the highest inde-
pendent domination reliability of the graph? The second interesting question in this context
is whether it is possible to approximate the value of the independent domination reliability
polynomial at p = 0.5. An approximation of this value together with Equation (4.11) yields
an approximation for the number of independent dominating vertex subsets in the graph.

The first simple observation is that if the graph G is connected, then DRel;(G,0) = 0
and DRel;(G,1) = 0. Moreover, this is also correct if the graph G has at least one covered
component.

Let now DRel;(G, p)’ be the first derivation of the independent domination reliability poly-
nomial with respect to p.

Lemma 4.65. Let K, be the complete graph with n vertices and DRel; (K, p) its independent
domination reliability polynomial. Then 1/n is a root of the first derivation DRel;(K,,p),

DRel;(K,,1/n) = (1— )" and
lim DRel;(K,,1/n) =e '

n—oo
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04 1

0.2 1
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0 0.2 0.4 0.6 0.8 1

Fig. 4.11: Reliability functions of the diamond graph (red), the path P5 (black) and the Petersen graph (blue).

Proof. Equation (4.7) together with Equation (4.10) yields
DRel; (K, p) = np(1 = p)" .

If we randomly choose a vertex subset W of the K,,, such that p is the probability that a
single vertex is in this set. Then the expected number of chosen vertices E(|W]) is pn. In
a complete graph, only the vertex subsets of size one are the independent dominating sets.
The expected number of chosen vertices is equal to one if p = 1/n. Now inserting p = 1/n in
DRel; (K, p) results in the theorem. O

In case of the complete bipartite graph the situation is more complex. For some complete
bipartite graphs the reliability function has the expected shape, e.g. for the K33 and the
K3 4. But if the sizes of the two bipartite sets are highly unbalanced, the reliability function
has a local minimum at p = 0.5 and a maximum in each of the two intervals (0,0.5) and
(0.5,1) (see Figure 4.12).

0.04

0.03 T

0.02 T

0.01

0 1 1 1 1 — P
0 0.2 0.4 0.6 0.8 1

Fig. 4.12: Reliability functions of the K3 3 (red), the K34 (black) and the K3 7 (blue).

Lemma 4.66. The independent domination reliability polynomial DRel;(Kp, n,p) is symmet-
ric at p = 0.5 in the interval [0,1] for all m,n > 2.

Proof. The Theorem 4.56 together with Equation (4.10) yields
DReli(Kmmn,p) =p"(1 —p)™ +p™ (1 —p)".
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Inserting in the polynomial the two points 0.5 — r and 0.5+ r, r € [0,0.5], yields

(0.5 47)"(1 — (0.5 4 7)™ + (0.5 +7)™(1 — (0.5+r))"
= (0.5 4 7)"(0.5 — )™ + (0.5 + r)™(0.5 — r)"

and
05-=7r)"(1=(05=7)"+(05-r)"(1—(05—r))"
=(0.5—7r)"(0.54+7r)" 4+ (0.5 —r)™(0.5 4+ r)".

The two equations are equal and therefore the lemma follows. O

Theorem 4.67. The independent domination reliability polynomial DRel;(Ky, n,p) has a
mazimum at p = 0.5 if and only if

l1<m<3and1<n<

1+2m 14+ 8m
2 + 2

or

1+2m \/1—1—8m< <1+2m+\/1+8m
- n .
5 <n<

m > 3 and
2 2 2

Proof. The first derivation of DRel;(Ky, 1, p) is

d - - _ _
p= DRel;(Kpmn,p) =m(1L —p)"p™ ' —m(1 —p)™ 'p" —n(l —p)" 'p" +n(l —p)™p"!

and the second derivation is

d n_m-— m— n
e DRel;(Kp.n,p) =m(m — 1)(1 — p)"p™ 2 +m(m — 1)(1 — p)™ p

n—1_m—1 m—1, n—1

—2nm(1 —p)" p" " —2nm(1 —p)" " 'p
+n(n—1)(1—p)" *p" +n(n—1)(1—p)"p" >

Inserting p = 0.5 in the first derivation yields DRel;(K,,.,0.5) = 0 and in the second
derivation resolves in

DRel;(Kmn,0.5)" = (8m* — 16nm — 8m + 8n* — 8n) 27",

This value can either be positive or negative, depending on the values of m and n. Solving
the inequality DRel; (K, n,0.5)” < 0 leads to the theorem. O

The star graph S, is a special complete bipartite graph K1 ,—1 and therefore the statements
about the symmetry and the extremal points at p = 0.5 are valid.

Corollary 4.68. Let DRel;(S,,,p) be the independent domination reliability polynomial of the
star Sy,. Then this polynomial is symmetric at p = 0.5 in the interval [0, 1], for all n > 2, and
it has its mazimum at p= 0.5 if 2 <n < 4.
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5 The Total Domination Polynomial

The concept of total domination in graphs was introduced by Cockayne, Dawes and Hedet-
niemi in 1980 [CDHS80|. Some results about the total dominating set of a graph can be found
in the two books of Haynes, Hedetniemi and Slater [HHS98b; HHS98a| and in a survey of
Henning [Hen09|. Pfaff et al. [PLH83| showed that the decision problem whether an arbitrary
graph has a total dominating set of a given size is NP-complete, even for bipartite graphs. The
total domination polynomial was first introduced by Vijayan and Kumar [VK12b]| in 2012.
But in literature only some partial results about the total domination polynomial of cycles
and paths are known [VK12a; VK12c|.

Definition 5.1. A vertex subset W C V is called a total dominating set if N(v)NW # () for
allveV.

It is also possible to define the total dominating sets with the total open neighborhood of
a vertex subset. A vertex subset W C V is total dominating if N5(W) = V. We denote with
d¢(G) the number of the total dominating sets of the graph G. Now it is possible to define
the total domination polynomial of a graph, which is the ordinary generating function for the
number of total dominating sets in a graph.

Definition 5.2. Let G = (V. E) be a simple graph and di (G) be the number of total domina-
ting sets in G of size k. Then the total domination polynomial is defined as follows

Dy(G,z) = > dj(G)a*.
k=2

Remark 5.3. Every total dominating set is a dominating set, but not every dominating set
is a total dominating set. So d.(G) < di(G).

Like many other graph polynomials the total domination polynomial is multiplicative with
respect to the components of the graph.

Theorem 5.4. Let G = (V, E) be a graph and Gy, ...,Gy be the k components of the graph.
Then

k
Dy(G,z) = [[De(Gi, ). (5.1)
=1

Proof. The theorem follows directly from the definition of the total domination polynomial.
O

Many results of the domination polynomial can be proved for the total domination poly-
nomial. Kotek, Preen and Tittmann [KPT13] proved that the sum over the domination
polynomials of all vertex induced subgraphs of a graph is equal 14 (—z)!Vl. A similar result
also holds for the total domination polynomial:
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Theorem 5.5. Let G = (V, E) be a connected graph with at least two vertices. Then

3 (~)WID(GW],2) = 1+ ().
WCcv

Proof. The proof follows from the proof of Theorem 4.8. First of all, we insert the definition
of the total domination polynomial in the equation and change the order of the summation.
The argumentation of the single steps is the same as in the corresponding theorem for the
independent domination polynomial, except for the usage of the total open neighborhood.

S COMDEIWe) = 3 (D 3

WCv WCv Ucw
N (U)=W
=YY (v
Uucv W.UCW
N (U)=W

— Z 21U Z (=)Wl

ucv WUCWCNE 4 (U)

D DR S S
Uucv W:UCWCNg[U]
UCNE(U)

= > (" 3 (M
Uucv YCNg(U)
UCNL(U)

=1+ (—x)Vl.

O

The last theorem together with the type of the graph (see Definition 2.8) yields the next
corollary.

Corollary 5.6. Let G = (V, E) be a graph. Then

S )WIDUEW]a) = [ (1+ (=)
e e

Proof. If G has an isolated vertex, e.g. v, then all terms in the sum are equal to zero if v € W.
Therefore, we only need to sum over V\{v} and obtain the corollary. O

Applying the Mébius inversion to Corollary 5.6 yields the following equation.

DG z)= > )" I (1+(—2)).

wWcCcv iEAg[W]
i#1

We call a graph G conformal if all of its components are either of order one or of even
order. Let Con(G) be the set of all vertex-induced conformal subgraphs of G.
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Corollary 5.7. Let G = (V, E) be a graph. Then
dt<G) — Z (_1)iso(H)2c(H)'

HeCon(GQ)

Corollary 5.7 shows that, in contrast to the number of domination sets, the number of total
dominating sets can either be even or odd.

The next theorem can be proved with the principle of inclusion-exclusion. We simply use
a result about the probabilistic version of the total domination polynomial. Therefore, this
theorem is a direct result of Theorem 5.35.

Theorem 5.8. Let G = (V, E) be a graph. Then
Di(G,z) = Z (=)W1 4 )V W),

wCv

Proof. Applying Corollary 5.34 to Theorem 5.35 yields

Di(G,x) = (1+ )V DRely(G. )
v w T \INLW
1+$||W;V | | mﬂ c(W)
= 142V ST ()W 4 ) NEOV)
WCv
— Z (=)W1 4 )W,

WCv
O

Corollary 5.9. Let G = (V,E) be a graph with n vertices. Then the total domination
polynomial satisfies

n t
_ k _N\w (- INe(W)|
k=0 wcv
INE (W) <n—k

Proof. The proof follows exactly the proof in [KPT13|, except for using the total open neigh-
borhood instead of the closed neighborhood. Using Theorem 5.8, we obtain

Dy(G,z) = > (=)W1 +2)WeW

WCv
n—|N&(W)|
_W;V( W ,;0 <n—\f\lic )>xk
= n— |[NL(W
:kZO:EkWQV( )W( |l<:G( )!)
:I;Ox’“ P (-1l (”—U\]ZG(W)I)
N (W)l <n—k
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5.1 On the t-Essential Sets of a Graph

The essential sets of a graph were introduced by Kotek et al. [KPT13]. They showed that only
the essential sets of the graph are necessary for the calculation of the domination polynomial.
We introduce the t-essential sets of the graph G and prove a similar result for the total
domination polynomial.

Definition 5.10. Let G = (V, E) be a graph and W be a vertex subset of the graph. The
set W is called t-essential if W contains the open neighborhood of at least one vertex of the
graph. We denote the family of t-essential sets of G by Essy(G), in formula:

Esst(G)={X CV:3vweV:X DN(v)}.

Theorem 5.11. Let G = (V, E) be a graph and n = |V|. Then

Dy(G,z) = (—1)" Z (_1)|W| [(1 + x)\{uEV:N(u)QWH _1l.
W eEss¢(G)

Proof. Again using Theorem 5.8, we obtain

Di(Gx) = 3 (—)IVI(1 4 ) VNG
WCv

— Z (=)L 4 )V \WNe (U
Ucv

Now we investigate the exponent of (1 + x):

VANGON\D) =V\ | N(v)
veV\U

=V\{ueV:N@)n(V\U) # 0}
=V\{ueV:N(u) ZU}
={ueV:N(u) CU}

So we obtain:

Di(G,z) = Z (1)Ul 4 g)HueViN@EUY,
Ucv

All polynomials (1+2z){#€V:N@WEUH have the constant term 1 and if V # (), then the constant
term vanishes in the sum. Hence, we can write:

Dy(G,z) = Y (-1 [<1 + ){ueViN@CUY _ 1} _
Ucv

If U is not a t-essential set, then {u € V : N(u) C U} = 0. Consequently, only the terms
corresponding to t-essential sets are not vanishing and we can restrict the summation to the
set of t-essential sets of the graph. O

Theorem 5.11 can be used for the fast calculation of the total domination polynomial in
graphs with a high minimum degree. But a fast generation of the t-essential sets is necessary.
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Lemma 5.12. Let G = (V, E) be a graph. Then

min W} = 4(C)

W eEss:
and
N(v) € Ess¢(G),v e V.
Proof. The argumentation is the same as in the proof of Lemma 4.15. O

5.2 Recurrence Equations

T. Kotek et al. presented in [Kot+12| some recurrence equations for the domination poly-
nomial. These results can also be proved with some minor changes for the total domination
polynomial.

Definition 5.13. Let G = (V, E) be a graph and u € V. Then p,(G) is the total domination
polynomial of G — Nu] under the condition that all vertices in N(u) will be dominated by a
vertez of G — Nu].

Theorem 5.14. Let G = (V, E) be a graph. For any vertex u € V we obtain

Di(G,x) = Dy(G — u,z) + 2 De(G/u, z) — (1 + 2)pu(G) + 2* Z D(G — N[{u,v}], x).
vEN (u)

Proof. If the vertex u € V is non-dominating, then at least one of its neighbors must be a
dominating vertex. D¢(G — u, z) counts all total dominating sets in G — u, especially those
total dominating sets W with N(u) N W = (. So we must subtract p,(G) and obtain the
polynomial for the desired case. If u is a dominating vertex, then also at least one vertex
in N(u) must be a dominating vertex. The polynomial D;(G/u,x) — p,(G) counts the total
dominating sets in G — u with at least one dominating vertex in N(u). But it is possible that
a single vertex in N(u), e.g. v is dominating, but no other vertex in N(v) except of u. In G
this dominating set is a total dominating set, but in G — u it is only a dominating set and

will not be counted by the previous term. The sum 22 Y. D¢(G — N[u] — N[v],z) counts
vEN (u)
exactly these total dominating sets and the theorem follows. O

Corollary 5.15. Let G = (V, E) be a graph and u,v € V' be two non-adjacent vertices of the
graph with N(v) C N(u). Then

Di(G, x) = Dy(G — u, z) + 2 D4(G/u, z) + 2> Z Di(G — N[{u,w}], z).
wEN (u)NN (v)

Proof. If N(v) C N(u), then the vertex v has degree zero in G— N [u] and therefore p,(G) = 0.
Let the vertex u and a vertex w € N(u) — N(v) be dominating. Then v € V\N[{u,w}] is an
isolated vertex in G — N[{u,w}] and therefore D;(G — N[{u,w}],z) = 0. The remaining sum
follows from Theorem 5.14. O

Corollary 5.16. Let G = (V, E) be a graph and u,v € V be two vertices with N[v] C NJu].
Then

Di(G,2) = Dy(G — u,x) + 2 Dy(G /u, ) + 2? Z Di(G — N[{u,w}], x).
weN (u)
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Proof. If Nv] C N[u], then v is only adjacent to u and some of its neighbors and cannot be
dominated by a vertex in G — N[u]. Therefore, p,(G) = 0. O

Corollary 5.17. Let G = (V, E) be a graph, u,v € V be two vertices of the graph with
N[v] C N[u] and let N(u) induce a clique in the graph. Then

Dy(G,z) = (1+2)Dy(G —u,2) + 2 Y Dy(G — N[{u,w}],x).
wEN (u)

Definition 5.18. Let G = (V, E) be a graph and u,v € V. Then p,(G) is the generating
function for the total dominating sets W in G — u with W N N (u) = {v}.

Lemma 5.19. [Kot+12] Let G = (V, E) be a graph and let e = {u,v} € E. Then
Pu(G =€) = pup(G) + pu(G).
Theorem 5.20. Let G = (V, E) be a graph and e = {u,v} € E. Then
Dy(G,2) =Dy(G = e, 2) + pu(G =€) + po(G =€) = pu(G) = pu(G)
+22(Dy(G — Nl{u, v}, )
+Di(G = (N[u)\{v}),2) = po(G = N[u]) + = Y Dy(G — N[{u,v,w}],)
weN (v)

+Di(G = (N[o]\{u}),2) = pu(G = NP)) +2 D Di(G - N[{u,v, w}],l‘))‘
weN (u)
Proof. The polynomial Dy(G, x) — D¢(G — e, x) counts exactly those total dominating sets W
of G which are not total dominating sets in G —e. There are two possible situations in which
such total dominating sets occur. In Figure 5.1 and 5.2 the two possible cases are shown.

& &
Fig. 5.1: The vertices u and v are Fig. 5.2: The vertices u, v and at least one
dominating. vertex in N(u)\NN(v) are dominating.

In the first case, the two end vertices u and v of the edge e are dominating and no vertex
in the neighborhood of one of the two vertices is dominating. If no vertex in N({u,v}) is
dominating, then 22 D;(G — N[{u,v}], x) is the generating function for these total dominating
sets (see Figure 5.1). Let now u and v be dominating vertices and u the only dominating
vertex in the neighborhood of v and at least one vertex in the neighborhood of u, except of
v, is dominating (see Figure 5.2). Then we can remove v and all vertices in the neighborhood
of v except of u, because they will be dominated from v. Then we obtain the remaining part
of the term with the argumentations of the second part of the proof of Theorem 5.14.

In the second case, one of the two vertices v and v is dominating and the other one is
only dominated by this vertex. Precisely, if v is non-dominating, then the only neighbor of u
which is dominating is v (see Figure 5.3). The function p, (G, z) counts exactly these total
dominating sets. We also obtain the equivalent term for the other case. Together with Lemma
5.19 we obtain the theorem. O



5.3 Special Graph Classes 73

Fig. 5.3: Ounly the vertex v is dominating.

Corollary 5.21. Let G = (V, E) be a graph, e = {u,v} € E and N[u] = N[v]. Then
Di(G, x) = Dy(G — e, z) + 2° D4(G — Nlu], z).

Proof. The only case in which a total dominating set in G is not a total dominating set in
G — e is if both vertices u and v are dominating and no vertex in N(u)\{v} is dominating.
These total dominating sets are counted by 22 Dy(G — N[u],x). If only one vertex of {u,v} is
dominating, then a vertex in N(u)\{v} must be dominating. But if such a vertex exists, then
this total dominating set is also a total dominating set in G — e. The same argumentation
holds if neither u or v is dominating. O

Theorem 5.22. Let G = (V, E) be a graph. Then
Di(G,z) = Di(G — u,x) + Di(G © u,z) — Di(G ® u, ).
Proof. Applying Equation (2.1) to Theorem 5.14 yields
Di(G,) — Du(G — u,2) =2 Du(Gu,) — (1 + )pu(G)
+2? > DG - N[{u,v}],2)

vEN (u)
=2D((GOu)/u,z) — (14 2)py (G © u)
+2° ) Dy(G - N[{u,v}],z). (5.2)
vEN (u)

Now apply Theorem 5.14 to the graph G ©®u

Di(Gou,z) —Di((GOu) —u,x) =xDi((GOu)/u,z) — (1 + 2)pu(G © u)
+2> ) Du(Gou) - Naeul{v,v}],x). (5.3)

vENGeW(u)
Observe that Ng(u) = Ngou(u) and (G ® ) — Ngeu[{u,v}] = G — Ngeul[{u,v}]. These two
observations together with Equations (5.2) and (5.3) give the theorem. O
5.3 Special Graph Classes

In this section we investigate the total domination polynomial in some special graph classes.
First we prove theorems for complete and complete bipartite graphs.

Lemma 5.23. Let G = (V, E) be a complete graph with n vertices. Then

Di(Kp,z) =(1+2)" —nx — 1.
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Proof. In a complete graph every subset W of V', with |IW| > 1, is a total dominating set. [J
Theorem 5.24. Let G = (V, E) be the complete bipartite graph K, , = (V1 U Vs, E). Then
Di(Kpmp,x)=(142)""" —(1+2)" — (1+2)" + 1.

Proof. Every vertex subset W C V', with W N V) # 0 and W NV, # (), is a total dominating
set. The term (1+2)™"" is the generating function for the subsets of V. So we must subtract

the possibilities to choose subsets that consist only of vertices of Vj or Vs, respectively. O

Theorem 5.25. Let P, be a path with n vertices (n > 5) and p, = Dy(P,,x) its total
domination polynomaial. Then

P = TPp_1 + 2% (Pp_3 + pn_4a).

The initial conditions are

b1 = 07
b2 = l’2,
p3 = 2° + 222,

py =t 4 223 + 2%

Proof. Let p. be the total domination polynomial of the path P, under the condition that the
first vertex of the path is a dominating vertex and p? be the polynomial under the condition
that the first vertex is non-dominating. Then we can write the total domination polynomial
of the graph in the following way:

Pn =Dy, + Do (5.4)

If the first vertex is non-dominating, then it must be dominated by the second vertex. This
yields
2 1
Pn =Pn—1- (55)

If the first vertex of P, is dominating, then the second one has to be dominating, too. We ob-
tain two possibilities for the third vertex. If the third vertex is dominating, then it dominates
the second vertex and this is counted by xpl ;. If the third vertex is non-dominating, then it
will be dominated by the second vertex. This leads to x?p,,_3. Together with Equation (5.5)

we obtain

Py = TPy + 2°pn-3. (5.6)

Inserting the Equations (5.5) and (5.6) in Equation (5.4) we obtain

Pn = P2 + 22 pp_3 + ph_y
= 2%pp_s + xph_1 + (xpi_1 + 2%pn_y)
=ITPpn-1+ -T2 (pn—B + pn—4)-

To prove a theorem for the cycle we need the next two lemmas.
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Lemma 5.26. Let P, be a path with n vertices (n > 4) and p, = Dy(Py,x). Let p. be the
total domination polynomial of the path P, if the first vertex is dominating. Then

p’}z = ffpvlz—l + 2%p,_3.

The initial conditions are

1 _
=z

1 2
by =,

pé =a2? + 2%

Proof. If in the path P, the first vertex is dominating, then the second vertex must be a
dominating vertex. If the third vertex is also dominating, then we obtain xp. ;. If the third
vertex is non-dominating, then it will be dominated by the second vertex. In this case we
obtain the polynomial z2p,_s. O

Lemma 5.27. Let P, be a path with n vertices (n > 7) and p, = Dy(Py,x). Let p3 be the
total domination polynomial under the condition that both end vertices are dominating. Then

P2 = a2’pd_y +22°p)_y + ' pa_s.

The initial conditions are

3 2 3 3
bp=x", PpP3=,

=t p=attad
st o),

Proof. 1f in the path P, the two end vertices are dominating, then the second and the second
to the last vertex must be dominating. Let now u be the third vertex and v be the last but
two vertex. If both u and v are dominating vertices, then we can cut off the first vertex on
each side and obtain z%p?_,. If exactly one of the two vertices u and v is dominating (e.g. u),
then the other vertex (e.g. v) will be dominated by its neighbor and has no influence on the
other vertices of the graph. This yields 223pl ,. If both vertices are non-dominating, then
they will be dominated by their neighbors and we can cut off the first three vertices of each
side of the path and obtain z*p,_g for this case. O

The next two theorems give results for the cycle and the complement of a cycle.

Theorem 5.28. Let G = (V, E) be a cycle with n vertices (n > 5), then
Di(Cn, ) = Py, + g + 2P, 1 + 2205 + &7 Paos.

Proof. Let u,v € V be two vertices of the cycle with {u,v} € E and let u; be the other
neighbor of u and v; the other neighbor of v. If u and v are dominating vertices, then u; and
vy can be dominating or not. So we have three possible cases. If both vertices are dominating,
then we can remove the edge e and obtain p. If neither u; nor v; are dominating, then they
will be dominated from wu, respectively v. This case is counted by x%p,_4. If only one of the
two vertices is dominating, e.g. wup, then v; will be dominated by v and we can remove the
edge e and obtain zpl , for the remaining graph.

If only one of the two vertices u and v is a dominating vertex, e.g. u, then the next vertex
on the cycle, here uy, must also be a dominating vertex. On the other side v will be dominated
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Fig. 5.4: Calculation of the total domination polynomial in a cycle.

by u and so we can delete the vertex v. With these considerations we obtain pl._; for this
case. The last case is that neither u nor v are dominating vertices. Hence, u; and v; must be
dominating vertices and we obtain p3_,. O

Theorem 5.29. Let C,, be a cycle with at least five vertices. Then
Di(Ch,z) = (14 2)" — n(a® + 222 + z) — 1.

Proof. First note that every vertex subset W C V', with |W| > 4, is a total dominating set
in C,,. If we only choose three dominating vertices some subsets are not total dominating
sets. These are exactly those sets where we choose three consecutive vertices. So we have
(g) — n possibilities to choose a total dominating set with three vertices. If we choose only
two vertices, then all choices are valid except for the selection of two vertices that have the
distance one or two in the cycle C,. These are exactly (’;) — 2n possibilities. With these
considerations we obtain

We can use the previous results and prove the following theorem.

Theorem 5.30. Let G = (V, E) be a wheel graph W,, with n vertices (n > 3). Then
Di(Wn, @) = Di(Cp1, @) + 2 ((1+2)" 1 = 1).

Proof. Let v € V be the center vertex of the wheel W,,. If v is not a dominating vertex, then
the total domination polynomial of C,_1 is the polynomial for this case because every total
dominating set in Cj,_1 dominates v. If v is a dominating vertex, then at least one vertex on
the C,,—1 must be dominating. This leads to the term

z((14+2z)" ' =1).
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Corollary 5.31. Let G = (V,E) be a fan graph F,, with n vertices (n > 3), then from
Theorem 5.30 follows:

Dy(Fy,z) = D¢(Pp1,2) + 2 (L +2)" 1 —1).

5.4 Total Domination Reliability Polynomial

Suppose we have a network of clients and every client controls the clients in its neighborhood.
If the clients fail with a given probability, we can ask: What is the probability that every
client will be controlled by another client? This question asks for the probability that there
exists a total dominating set in the probabilistic graph. To answer this question, we define
the total domination reliability polynomial.

Definition 5.32. Let G = (V, E) be a graph whose vertices are subject to random and inde-
pendent failure with probability ¢ = 1 — p. Then the total domination reliability polynomial
DRel; (G, p) is defined as follows

DRel,(G,p) = Y di(G)p"(1 —p)" "
k=2

The first lemma in this section shows the connection between the total domination reliability
polynomial and the total domination polynomial.

Lemma 5.33. Let G = (V, E) be a graph and D(G, x) be the total domination polynomial of
G. Then the total domination reliability polynomial can be calculated in the following way:

DRel,(G,p) = (1= p)" Di(G, ).

Corollary 5.34. Let G = (V, E) be a graph and DRely(G,p) the total domination reliability

polynomial. Then

Di(G,z) = (1 + 2)" DRely(G, %H).

Theorem 5.35. Let G = (V, E) be a graph and the vertices of the graph are subject to random
and independent failure with probability g =1 — p. Then

DRely(G,p) = 3 (=1)WI(1 = p) N6,
wcv

Proof. Let A, be the event that no vertex in the open neighborhood of the vertex w is
operating. Then (), .y, Ay occurs if and only if the operating vertices form a total dominating
set in G. The event (,cyy Ay occurs if and only if all vertices in N5 (W) fail. This event

happens with probability q‘Né(W)‘. Applying the inclusion-exclusion principle, the theorem
follows. 0
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5.5 The Trivariate Domination Polynomial

The enumeration of total dominating sets can be refined in the following way. We might want
to distinguish all vertex subsets of a given graph with respect to its cardinality, the cardinality
of its open neighborhood, and the number of isolated vertices in the induced subgraph, which
yields a trivariate generating function.

Definition 5.36. Let G = (V, E) be a graph. Then the trivariate domination polynomial is
gien as follows:

Y(Gizy2) = 3 alWlylN OV isolGIWY).
wWcCv

Let G = (V, E) be a graph and we denote by ¢; ; (G) the number of subsets W with i = ||,
j=|N(W)| and k = iso(G[W]). Then we can write the trivariate domination polynomial as

Y(Giz,y,2) = Z Z Z ti ik (G)z'y 2",
i=0 j=0 k=0

Lemma 5.37. Let G = (V, E) be a graph with two components G1 = (V1,E1) and Gy =
(Va, Ea). Then
Y(G;x7y7 Z) - Y(Gl;x7yvz) Y(GQ;xvyvz)'

Proof. We can simply use the definition to prove the lemma:

Y(G;z,y,2) = Z xlwlle(W)lziSO(G[W])

wcCcv

=S WL
WCVviuVe

= 3 Wil NI so(GnD 5 Wl INOVa)] iso(Glia)
ngVI W2QV2

= Y(Gla z,Y, Z) Y(GQa x,Y, Z)-
O

Theorem 5.38. Let G = (V(G), E(G)) and H = (V(H),E(H)) be graphs, with |V (G)| =n
and |V (H)| = m. Then the trivariate domination polynomial of the join of these two graphs
can be calculated with

Y (G« H;x,y,z) =y"*™ [(Y(G; g 11) - 1> (Y(H; g 1,1) - 1>}
+y" (Y(Gsz,y,2) = 1) +y" (Y(H;2,y,2) — 1) + 1.

Proof. Tf in both graphs at least one vertex is dominating, then all non-dominating vertices
will be dominated and the dominating vertices induce a connected subgraph in G« H. This
case will be counted by the first part of the sum. If in the graph H no vertex is dominating,
but at least one vertex in G, then all vertices in H will be dominated. This is counted by
y" (Y (G;x,y,2) — 1). The same argumentation is valid if no vertex in G is dominating, but
at least one in H. O
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Corollary 5.39. Let G = (V, E) be a graph and |V| =n. Then
Y(G* Ki;,y,2) =2y" Y(G; g, L) +y(Y(Giz,y,2) - 1)
+(z—=1Day™ + 1.

Proof. The new vertex v € V(K1) is adjacent to all vertices in G. Therefore, if v is dominating,
then all non-dominating vertices in G will be dominated by v. The term

xy”Y(G;g,l,l)

counts these cases. But if in G no vertex is dominating and v is dominating, then v is an
isolated vertex in the induced subgraph. Hence, we must subtract zy™ and add zy"z. If the
vertex v is non-dominating, then it will be dominated from any dominating vertex in G. This
case is counted by y (Y(G;x,y,2) — 1). O

5.5.1 Encoded Graph Invariants

It is easy to verify that we can obtain the total domination polynomial from the trivariate
domination polynomial with

Di(G,2) = [y"] Y(G; 2y, 4, 0),
the domination polynomial with
D(G,2) = [y"]Y(G;2y,y,1)
and the independent domination polynomial with
Di(G,z) = [y"2"] Y(G; 2y, yz, 2). (5.7)

Theorem 5.40. Let G = (V, E) be a graph, Y(G;z,y,z2) be the trivariate domination poly-
nomial, 1(G, ) be the independence polynomial and V(G,x) be the vertez-cover polynomial of
the graph. Then

I(G,z) = lim Y(G; %, 1,2) and

Z—00

1
U(G,z) =2V im Y(G; —,1,2)
Z—00 €Tz
Proof. A vertex subset W of the graph G = (V, E) is an independent set if it only consists
of isolated vertices in G[W]. Using the definition of the trivariate domination polynomial, we
obtain:

wi| .
W] leo(G[W])

vieZia= ¥ (2

WCv
B 2Vl
- Z LIW]—iso(GIW])
wWCv
The term |W| — iso(G[W]) is equal to zero if and only if W is an independent set. Oth-
erwise, if W is not an independent set, then with the limes the corresponding summand
vanishes. The connection to the vertex-cover polynomial follows from the connection between
the independence polynomial and the vertex-cover polynomial. O
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In Figure 5.5 some connections between different domination related polynomials are shown.
An arrow in the figure means that this graph polynomial can be obtained from the correspond-
ing polynomial. A dashed arrow means that this connection only exists in some special graph

classes.
trivariate bipartition
domlnatlon B(G;2,y, )
Y(Gi2,y,2 SN
1
1
1
\
| matching
| G, x)
1
1
1
. N2
1ndepen§ent total' ‘ dommatl on independence vertex cover
domination domination — y(G
D(G, z) I(G,x) (G, )
Dl(G7I) Df(GaI)

Fig. 5.5: Graph of domination related graph polynomials.

The next theorem shows some basic graph invariants which can be obtained from the
trivariate domination polynomial.

Theorem 5.41. Let G = (V, E) be a graph and Y (G;z,y,2) its trivariate domination poly-

nomial. Let k(G) be the number of the components of the graph and n; be the order of the i-th
component. Then

V] = deg(Y(G; 2, 1,1)),

n—1
1 .
|E| = 5 E Jtig1 = [ZL‘QZO]Y(G;xa 1>Z)>
Jj=1

is0(G) = [2] Y(G:,0,1),
Y(G;1,0,1) = 2K,
k(G)

Y(G;2,0,1) = [] @+2™).

=1

Theorem 5.42. Let G = (V, E) be a graph. Then the degree generating function of G is

31480 = 1] (G, 1, 1).

veV
Proof. If we substitute y by ¢t and z by 1, we obtain:

Y(G;x,t,1) = Z g WIINWAW]
wWcv
In the equation we only need those summands where the power of = is equal one. Therefore, in

the sum we are only interested in subsets of size one. Hence, we obtain the degree generating
function:

[2] Y(Giz,t,1) = Y VO

veV
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5.5.2 Graph Products

In this section, we investigate the trivariate domination polynomial of some product graphs
(see Section 2.3 for an introduction to the different product graphs).

Cartesian Product

The first product of interest is the Cartesian product of two graphs.

Theorem 5.43. The trivariate domination polynomial of the Cartesian product of the com-
plete graphs Ko and Ky, with n > 2, can be calculated with

Y(KoOKp; x,y,2) =2((y + 2y)" — y" (1 + nz(l — 2))) + ((z + )" — y" — nay" ')

+ 2nxy” (Zj + z) (x+y)" =yl

by @(n 12— (n—1)z— ;) ] .

Proof. To prove the theorem, we distinguish between three possible cases: 1. Only in one of
the two rows there is a dominating vertex, 2. in both rows at least two vertices are dominating
and 3. in one row exactly one vertex and in the other row at least one vertex is dominating.
It is easy to see that the sum of the polynomials of these three cases yields the theorem.

1. Every dominating vertex dominates all other vertices in the same row and exactly one
vertex in the other row. The polynomial y"™(1 4+ yx/y)™ counts this case. But here we also
count the choice of the empty set and if we have exactly one dominating vertex, then it is an
isolated dominating vertex. This yields

20" (1 +2)" =1 —nx +nwz) = 2((y + 2y)" —y" + nay"(z — 1))

for the first part of the proof.
2. If in both rows at least two vertices are dominating, then all other vertices are dominated
and no isolated dominating vertex exists. This yields

Y (L+z/y)" =1 —na/y)*.

3. If in the first row exactly one vertex is dominating, then it dominates all vertices in this
row. If the adjacent vertex in the second row is non-dominating, then the dominating vertex is
an isolated dominating vertex and we can choose dominating vertices in the remaining (n—1)
vertices. This yields:

nxy* 1z <(1 + x)”_l —1+(n— 1)§(z - 1)) . (5.8)

Y

If the vertex adjacent to the first vertex is dominating, then no isolated dominating vertex
exists and we can choose dominating vertices from the remaining (n— 1) vertices. This yields:

T n—1
na’y?n 2 (1 + ) . (5.9)
Y



82 5 The Total Domination Polynomial

The same argumentation holds for the reverse case. Therefore, we add (5.8) and (5.9) and
multiply the result by two. But now we count the case that in any of both rows exactly one
vertex is dominating twice. We count this case with

ny2n71x <(7’L . 1)222 + 'z) - ny2n72x2 ((n — 1)z2 + 1) . (510)

Summing the Equations (5.8), (5.9) and (5.10) yields:
T n—1 z x n—1
2nzy*" 1z <1 + > —1+(n—1=(z—=1)| + 2na?y* 2 <1 + >
Y Y Y
— ny?" 22 ((n — 122+ 1)

n—1
= 2nay*! (z <1+$> —z—(n— l)fz—i-(n— l)gz2
Y Y Y

n—1
+ g <1 + Z:) —ny®" 22 ((n — 1)2* + 1)
_ n n—-1_  n-1_ _ n—2 _ n—2_2
=2nzxy" (z(y + ) Yy Tz —(n—Dxy" 2+ (n— Day" 2

+ Z(y + ;U)”*1> — ny?" 22 ((n —1)2% + 1)

i
Yy
= 2nxy"( <z + 5) (z+y)" 7 —y" e+ (n— Doy 22(z - 1)
1

§J:y"72((n — 122+ 1))

_ 2nxy"< (“;5 4 z> (49" =y e 2y <;(n 12— (n—1)z— ;) )

Taking all cases together and doing some simplifications, we obtain the theorem. O

Lexicographic Product

Theorem 5.44. Let G = (V,E) be a connected graph with m vertices (m > 2). Then the
trivariate domination polynomial of the lexicographic product of the complete graph K, with
at least two vertices and the graph G can be calculated by

Y(K, - Gsa,y,2) =ny" V"™ (Y(Gs 2,9, 2) — 1)

+ y"mzn; <’Z‘> (1 +z/y)™ — 1) +1.

Proof. The first observation is that a vertex is adjacent to all other vertices which are not in
the same row. Therefore, if only in one row vertices are dominating, then all vertices outside
this row and all adjacent vertices in this row are dominated. The polynomial Y(G;z,y, 2)
counts the vertex subsets of one row and therefore

ny "M (Y (G, y, 2) — 1)
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is the polynomial for the first case.
If vertices in at least two rows are dominating, then all other vertices in the graph are
dominated. This will be counted by

n

> () @y -1y

and the theorem follows. O

Theorem 5.45. Let G = (V,E) be a connected graph with at least two vertices. Then the
trivariate domination polynomial of the lexicographic product of the graph G and the complete
graph K, (n >2) can be calculated by

-1

(I+ax/y)n—1

Proof. Analog to the proof of Theorem 6.53. O

Theorem 5.46. Let H = (V, E) be a connected graph with m vertices, g, = Y (Py-H;x,y, 2)
and m,n > 2. Furthermore, let f, be the trivariate domination polynomial of P, - H under
the condition that in the first row at least one vertex is dominating. Then

n—1

gn:fn‘kymz,fnfi‘*'l'

i=1

Proof. There are two possible cases with respect to the number of dominating vertices in the
first row. The first case is that at least one vertex is dominating. This will be counted by
fn. If in the first row no vertex is dominating, but in the second row at least one vertex is
dominating, then all vertices in the first row are dominated. This will be counted by y™ f,,—1.
Repeating this process recursively yields the theorem. O

For the recurrence equations in the next lemma we need the trivariate domination polyno-
mials of the products Py - H and P; - H, respectively. Without loss of generality we define
go=1and g1 = Y(H;,y,2).

Lemma 5.47. Let H = (V, E) be a graph with m vertices, g, = Y (P, -H;z,y, z) and m,n > 2.
Furthermore, let f, be the trivariate domination polynomial of P, - H under the condition that
in the first row at least one verter is dominating and hy, be the polynomsial under the condition
that the first row is already dominated and at least one vertex is dominating in it. Then

fn=YH;z,y,2) — 1) y"gn—2+ ((y+ )™ —y™) hy_1 and
b = ((y+2)" —y™) (¥ gn-2 + hn—1) .

The initial conditions are

fi=Y(H;z,y,2)—1
hi=(y+x)" —y™.
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Proof. First we calculate the polynomial under the condition that in the first row at least
one vertex is dominating. For that purpose we distinguish two cases: (1) In the second row
no vertex is dominating and (2) in the second row at least one vertex is dominating. If in
the second row no vertex is dominating, but in the first one at least one, then all vertices
in the second row are dominated. This case will be counted by (Y(H;z,y,2) — 1)y gn—2.
But if in the second row at least one vertex is dominating, then all vertices in the first
row are dominated independently from the dominating vertices in the first row. This yields
((y + )™ — y™) hy—1 and the first part of the theorem follows.

Suppose now that all vertices in the first row are dominated, but at least one vertex of
this row must be dominating. In the first row we can choose any non-empty vertex subset
and the non-dominating vertices are dominated. Again we distinguish between two cases
with respect to the number of dominating vertices in the second row. If in the second row
no vertex is dominating, then all vertices will be dominated and this case will be counted
by ((y + )™ — y™) y"gn—2. If in the second row at least one vertex is dominating, then we
simply obtain ((y + )™ — ™) h,—1 and the second part of the theorem follows. O

Strong Product

Theorem 5.48. Let G = (V, E) be a graph. Then the trivariate domination polynomial of
the strong product of the complete graph K, (n > 2) and the graph G can be obtained by

O
14+z/yn—1)"

Proof. Let W C V(G), with i = |W|, i > 2, and k = iso(G[W]), be a set of dominating
vertices in G and y,jr = [v'y72*] Y(G; 2,9, 2). Then in the product graph every dominating
vertex can be replaced by one or more of the n vertices in the same row and the remaining
vertices in this row will be dominated. If this vertex is not an isolated vertex in G[W], then
this will be counted by

Y(GR K, z,y,2) =Y (G; (y+z)" =y y", 1+

(U /)" = 1)y,

If a vertex in G is dominating and it is isolated in G[W] and we choose exactly one vertex
in this row, then this vertex will also be an isolated vertex in (GX K, )[W]. If we choose more
than one vertex, then these vertices are pairwise adjacent and we obtain no isolated vertex.
This will be counted by

(L+2/y)" =1 —na/y+nrz/y)" y™.
Adding these cases together yields:

Y(GR Knsz,y,2) = Y ye((L+z/y)" = )y (14 2/y)" =1 = na/y +naz/y)*

igk
— n n n\i, jn (1+x/y)"—1+nx(z—1)/y g
= Sl el Y (e = e = )
— n ny\i, jn ’I’L.’ﬁ(Z—l)/y F
—i%yijk((yﬂf) -y")'y’ <1+(1+$/y)n1>
— . n__.n ,n nx(z—l)/y
—Y<G,(y+x) y"y ’1+(1+:1:/y)”—1>‘
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5.5.3 Special Graph Classes

In this section we investigate the trivariate domination polynomial of some special graph
classes. In an edgeless graph every vertex is either an isolated dominating vertex or non-
dominated. Therefore, the polynomial is given by

Y(En;z,y,2) = (1 +x2)".
The next result for the complete graph is easily verified, too.
Theorem 5.49. The trivariate domination polynomial of the complete graph satisfies
Y(Kp2,y,2) = (+y)" —y" +n(z — Doy + 1.
Proof. If W has at least the size two then no isolated vertex exists in K,[W], which yields
0\ ko
Vertex subsets W with |[W| = 1 give the term n(z — 1)zy" ! and the theorem follows. O

Theorem 5.50. Let K, , = (V1 U Vo, E) be a complete bipartite graph, with ny = |V1| and
ng = |Va|. Then

Y (Knynpi @y, 2) = (@ +9)" —y™) ((x+y)" —y™)
+y" (L +z2)™ - 1)
+y"? ((1+ax2)" —1)+1.
Proof. If in both of the two sets Vi and Vs at least one vertex is dominating, then all non-
dominating vertices are dominated. This yields the first part of the theorem. If only one

of the two sets contains dominating vertices, then such a dominating vertex dominates all
vertices in the other set and it is an isolated dominating vertex. This yields the theorem. [

Theorem 5.51. Let G = (V, E) be an (n, k) — star. Then
Y(Suriw,y,2) =" ((w+ )" = oF + k(= = Day* )

+ ((y +x)k — y"") ((x + )R - y”_k) + o ((1 +zz)"h — 1) +1.

Proof. If at least one of the center vertices is dominating, then it dominates all other vertices
and if exactly one vertex is dominating, then it is an isolated vertex in G[W]. In this case we
obtain

v ((r+2)F =y + k(= = Dayt ) (5.11)

If some of the vertices in the clique are dominating and at least one other vertex is dominating,
then the rest of the vertices will be dominated and there will be no isolated vertex in G[W].
This leads to

((y + )k — y’“) ((w +y) - y”‘k) : (5.12)

Now let no vertex in the center-clique be dominating. All the vertices in the center-clique are
dominated by every other vertex which is dominating. But every such dominating vertex is
an isolated vertex in G[W]. This leads to

o ((1 T 1) . (5.13)

Adding the terms (5.11), (5.12) and (5.13) yields the theorem. O
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Corollary 5.52. Let G = (V, E) be an (n,1) — star. Then
Y(Spiizy,2) =x(x4+y)" T+ (z—-Day" t+y ((1 +x2)" T — 1) + 1.
Lemma 5.53. Let P, be a path with n vertices (n > 2), p, be the trivariate domination

polynomial of it and p), be the trivariate domination polynomial under the condition that the
first vertex of the path is already dominated. Then

n—1
p;qd =" + [,Cn_ly +vy Z $i_1pn7i7 (514:)
i=1
with the initial condition
Pr=z+y.

Proof. Suppose that the first vertex of the path is already dominated. If the first vertex is also
dominating, then the second vertex will be dominated. If the first vertex is non-dominating,
then we only need to calculate the trivariate domination polynomial in the path P,_; and
multiply it with y. The sum of the two cases yields

P = TPy + YPn-1.

Recursive insertion of this equation yields

P, = x(xp),_o + Ypn—2) + YPn—1

=" +a"typo + -+ Ypat
n—1

=2+ Y4y Z 7 p,_i.
i=1

Using the last lemma it is possible to prove the next theorem.

Theorem 5.54. Let P, be a path with n vertices, p, be the corresponding trivariate domi-
nation polynomial and n > 3. Then

n—3 n—3
Pn =D, o +ayz(1+ pa2) + 2%y > ph+zy’2> pit1,
i=0 i=0

where pl, is the trivariate domination polynomial of the path P, if the first vertex is already
dominated. The initial conditions are

po=1
p1 =xz+ 1 and
p2 = 22 + 2wyz + 1.

Proof. Suppose that the first vertex in the path is dominating, then the second vertex can
either be dominating or not. If the second vertex is dominating, then it dominates the third



5.5 The Trivariate Domination Polynomial 87

vertex. This case will be counted by x?p!, ,. If the second vertex is non-dominating, then
the first vertex is an isolated vertex in G[W]. This case will be counted by xyzp,—o.

Suppose now that the i-th vertex is non-dominating. If the vertex i41 is dominating, then it
dominates the vertex i. The vertex ¢ + 2 can either be dominating or not. If it is dominating,
then it dominates the next vertex and if it is non-dominating, then the vertex i 4+ 1 is an
isolated vertex in G[W]. This case will be counted by zy(xp]_, + yzpn—i), 1 € {3,...,n}.

If the last vertex is dominating, then it dominates the second to the last vertex. This will
be counted by xyz.

Taking these different cases together and rearranging the sums yields the theorem.

n
Pn = 22D, o + 2YZPH_2 + Z (zy(zp),_; + yzpn—s)) + zyz + 1

=3
n—3 n—3
= 2P, o+ zyz(1 4 po2) + 2%y Zpg +zy’z Zpi + 1.
1=0 =0

Corollary 5.55. Let P, be a path with n vertices (n > 2). Then

n—3
po=a"+ay > (2 +yzpi + 2" pn_is)
i=0
n—3 1
tayz(l+poo) +2y® > > alpij+1.
i=1 j=1

Proof. Substituting p/, in Theorem 5.54 with Equation (5.14) yields

n—2
pn =a? (x’” +yy af“pn_fz_i> + xyz(1 + pn—2)
=1

n—3 i n—3
i=0 j=1 i=0

n—2 n—3
=a" + 2%y Z 2" o + ayz(1 + pps) + 2y Z '’
i=1 i=0
n—3 1 n—3
+ 2%y Z ij_lpi—j i lEyQZZPi 1
i=1 j=1 i=0
n—3
=" +xy Z (2" + yzp; + 2" pis)
i=0
n—3 1
+ 2yz(1 4 pp_z) + zy° Z Z ©'pi_; + 1.
i=1 j=1
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5.5.4 Y-Unique and Y-Equivalent Graphs

The great variety of graph invariants encoded in the trivariate domination polynomial natu-
rally leads to the question how well this polynomial distinguishes non-isomorphic graphs.

Definition 5.56. Two graphs G and H are Y-unique if Y(G;z,y,2) = Y(H;x,y, z) implies
that H 1is isomorphic to G.

The following graphs are Y-unique:

e Paths,

e cycles,

e complete graphs,

e stars,

e star-shaped trees (see Theorem 5.59),

e all trees with up to 18 vertices (shown by computer search),

all graphs with up to 5 vertices (shown by computer search).

The Y-uniqueness of paths, cycles, complete graphs and stars follows directly from the fact
that the number of the components and the degree sequence are encoded in the trivariate
domination polynomial (see Theorem 5.41 and 5.42). Figure (5.6) shows the smallest pair of
two non-isomorphic graphs with the same trivariate domination polynomial.

Fig. 5.6: Smallest pair of non-isomorphic graphs with the same trivariate domination polynomial.

Wang and Xu proved in [WXO06] that some special trees, the T-shaped trees, are determined
by their Laplacian spectrum. We are able to prove similar results for the trivariate domination
polynomial. First we define the T- and star-shaped trees.

Definition 5.57. A star-shaped tree is a tree with exactly one vertex of degree m, with m > 3,
and all other vertices have degree one or two. A star-shaped tree is called T-shaped if the vertez
v has the degree three.

Let m>3,2<k <--- <k and Py,,..., P, bepaths with kq,...,k,, vertices, respec-
tively. Furthermore, let (2, V(Py,) = {v}, with pairwise disjunct vertex sets V (P, )\{v},...,
V (P, )\{v}. Then T'(k1,...,km) = Pg, U---U Py, is a star-shaped tree.

Theorem 5.58. Let G and H be two T-shaped trees with n vertices of the form T(l1,l2,13)
and T'(ki, ka, k3), respectively. Then

G2HeY(G 2y z2)=YH;zy,z2).
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it

Proof. =: This direction follows directly from the definition of Y(G;x,y, 2).

<: To prove this direction we show that if we have a trivariate domination polynomial of a
T-shaped tree, then the construction of the corresponding graph is unique. Every T-shaped
tree has the degree sequence (1,1,1,2,...,2,3). This sequence can easily be extracted from
the trivariate domination polynomial (see Theorem 5.42). Two T-shaped trees of a given
degree sequence can be distinguished by the length of their branches.

Let n;(G) be the number of branches of length [ in G. Then ny(G) = 3—[22y'2°] Y(G; .y, 2),
because the only way to choose two adjacent vertices that dominate exactly one vertex, is
to choose a leaf and its neighbor, if the neighbor is not the center vertex v. Therefore,
(229120 Y (G; z,y, 2) gives the number of branches which lengths are equal or greater than
two.

The number of branches of length [ is:

Fig. 5.7: A T- and a star-shaped tree.

-1
m(G)=3=Y ni(G) — [z"y'2°) Y(G; 2y, 2). (5.15)
i=1
The construction of the graph is unique and therefore the theorem is proved. O

We can use the technique of the proof of the last theorem to prove a generalization of it.

Theorem 5.59. Lel G and H be two star-shaped trees with n vertices of the form T(l1, ..., ly)
and T'(ki,..., k), respectively. Then

G=2H<Y(Gyz,y,z)=Y(H;x,y,z2).
Proof. The argumentation of this proof is the same as in the previous theorem. O

For general trees, we have the following conjecture.

Conjecture 5.60. Trees are determined by their trivariate domination polynomial.
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6 The Connected Domination Polynomial

In Chapter 5 we demand that the dominating vertices must be dominated by another domi-
nating vertex. This means that the induced subgraph of the dominating vertices G[W] has
no isolated vertices, but the graph G[W] can have more than one component. If we now ask
for dominating sets such that the dominating set has to induce a connected subgraph, then
we obtain the so-called connected dominating sets. The concept of connected dominating
sets was first introduced by Sampathkumar and Walikar [SW79]. They have applications in
wireless sensor networks, wireless ad hoc networks and in the connection with some broadcast
problems (see [GK98]).

Definition 6.1. Let G = (V, E) be a graph. Then the vertex subset W C 'V is a connected
dominating set if N]W| =V and k(G[W]) = 1.

The first problem we are interested in is finding the size of a smallest connected dominating
set of a given graph.

Definition 6.2. [SW79] The connected domination number is the size of a smallest connected
dominating set of the graph G and is denoted by ~.(G).

The connected domination number has a connection to the maximum number of leaves in
a spanning tree of G. It was first observed by Hedetniemi and Laskar [HL84].

Definition 6.3. Let G = (V, E) be a graph. Then the maximum leaf number I(G) is the
largest possible number of leaves in a spanning tree of G.

Theorem 6.4. [HL8}] Let G = (V, E) be a graph and I(G) the mazimum leaf number of G.
Then the following equation holds:

VI =7(G) + U(G).

The problem to decide if a graph has a connected dominating set of size at most k is a NP-
complete problem [GJ79]. The corresponding counting problem is in §P. For the computation
of the connected domination number, a wide range of approximation algorithms, lower and
upper bounds are known (see [GK98|). The fastest algorithm known so far to compute
the connected domination number has a running time of O(1.9407") [FGKO08]. But we are
interested in counting all connected dominating sets of the graph. On this account, we define
the connected domination polynomial which counts the number of the connected dominating
sets of different sizes.

Definition 6.5. Let G = (V, E) be a graph and dj,(G) be the number of the connected do-
minating sets of size k of the graph G. Then the connected domination polynomial is defined
as

D.(G,z) =Y _ di(G)z".
k=1
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Theorem 6.6. Computing the connected domination polynomial of a graph is NP-hard.
Proof. This follows immediately from a result of Garey and Johnson [GJ79]. O

Remark 6.7. The connected domination polynomial can also be written in the following way:

D.(G,z) = Z W1,

WCv
G[W]—connected
N[W]=V

Remark 6.8. Every connected dominating set is a dominating set, but not every dominating
set is connected. Furthermore, every connected dominating set of size greater or equal to
two s a total dominating set, but not vice versa. So di(G) < di(G) < di(G) holds, for
ke{23,...,n}.

Remark 6.9. Let G = (V, E) be a graph and k(G) # 1. Then
D.(G,z) = 0.

Theorem 6.10. Let G = (V(G), E(G)) and H = (V(H), E(H)) be two vertez-disjoint graphs.
Then

D (G * H,z) = ((1 + )OI _ 1) ((1 + )V 1) + Do(G, z) + Do(H, 2).

Proof. Every vertex in G is adjacent to every vertex in H. Hence, if at least one vertex in G
and at least one vertex in H are dominating, then these vertices are a connected dominating
set in G+ H. If no vertex in G is dominating, then every connected dominating set in H
dominates the whole graph and vice versa. O

As a direct consequence of the previous theorem, we obtain the following four corollaries
which show the calculation in special graph classes.

Corollary 6.11. Let G = (V, E) be the (n,k)-star S, . Then
De(Snpo) = ((1+2)" = 1) (1+2)" 7",
Corollary 6.12. Let G = (V, E) be the star Sy, with n > 3. Then
Do(Sp, ) = x(1+2)" L
Corollary 6.13. Let G = (V, E) be the wheel graph W,,, with n > 4. Then
De(Wy,x) = De(Cr—1,2) + (1 +z)" 1.
Corollary 6.14. Let G = (V, E) be the fan graph F,,, with n > 3. Then
De(Fy, z) = Do(Pooy,z) + (1 +2)" .

Theorem 6.15. Let G = (V(G), E(G)) be a connected graph and H = (V(H),E(H)) be a
graph which is vertez-disjoint to G. Furthermore, let |V (G)| = ng and |V(H)| = ng. Then

D.(GoH,x) =2a"¢(1 4 x)"c"H.
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Proof. Every vertex of G is an articulation in the corona graph and therefore every connected
dominating set has to contain all vertices of G. All vertices of the ng copies of H are adjacent
to such a dominating vertex and therefore they can either be in a connected dominating set
or not. 0

The next theorem shows a result for the sum over all connected domination polynomials of
the vertex induced subgraphs of a given graph G.

Theorem 6.16. Let G = (V, E) be a connected graph. Then

S (-)"WID(GW],z) = 1+ (—a) V.
WwWcCcv

Proof. See [KPT13] and the proof of Theorem 5.5. O
Together with the type A\g (see Definition 2.8) of the graph G we obtain the next corollary.

Corollary 6.17. Let G = (V, E) be a graph. Then

S (=)MID(GW],2) =1+ ) (). (6.1)

wcv i€Ag

Proof. Let Vi, Va, ..., Vi be the vertex sets of the k components of the graph G. Then we can
write the left hand side of the corollary in the following way:

k
S (=)WID @], a)=1+> > (-)"ID(GW], )
wcv i=1 VVI{/%%

k

=1+ Z(—x)'vi‘.

i=1

Applying the Mobius inversion to Equation (6.1) yields the following corollary.

Corollary 6.18. Let G = (V, E) be a graph. Then

DG )= S ()" S (—a)

wcv ie/\G[W]

A consequence of the previous corollary is that we can calculate the number of connected
dominating sets of a graph as the sum over the difference between the number of the even
and the odd components of the vertex induced subgraphs of G.

Corollary 6.19. Let G = (V,E) be a graph, ke(G) the number of the components of even
order and ko(G) the number of components of odd order. Then the number of connected
dominating sets in G can be calculated with

D(G,1) = Y (=) (ke (GIW]) — ko(GIW))) .
WCcv
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6.1 Recurrence Equations and Separating Vertex Sets

With the Corollary 6.18, we easily obtain a recurrence equation for the connected domination
polynomial.

Theorem 6.20. Let G = (V, E) be a connected graph and u be a vertex of the graph. Then
D.(G,2) =Do(G —u,z)+ Y ((f1)‘W‘ D.(G — N[W],z) + olv‘—‘N[W“x‘W‘) .
ueWCv

G[W]—conn.

Proof. Using Corollary 6.18, we obtain:

De(Gz)= Y (D" Y7 (~a)

WCcv ie}‘G[W]

= > MY ot YD MY ()

WQV\{u} iE)‘G[W] ueWcCv ie/\G[W]

=D(G—wz)+ Y (=D YT (=l YT ()
ueWcCv UQV\N[W] iE)‘G[WUU]
G[W]—conn.

=D(G—uz)+ Y (=DM Y () () Y (e
ueWCVvV UQV\N[W] iE)‘G[U]
G[W]—conn.

“D(G-um) Y ()WY ()
ueEWCV UCV\N[W]
G[W]—conn.

Y M Y ()Y (e

ueWcCV UCV\N[W] ie)‘G[U]
G[W]—conn.

=D(G—uw,x)+ Y 2"+ Y (—)"ID (G - N[W],z)
ueWceVv ueWcCv
G[W]—conn. G[W]—conn.
N[W]=V

—D(G-wz)+ > ((—1)'W| D.(G — N[W],z) + o‘V‘*W[W“x'W') .
ueWCv
G[W]—conn.

O

Another way to obtain a recurrence equation is to look at a specific vertex and its neigh-
borhood. For such a sort of recurrence equation we need the definition of pS(G).

Definition 6.21. Let G = (V,E) be a graph. Then pS(G) is the connected domination
polynomial of the graph G — N[u] under the condition that all vertices in N(u) are dominated
by a vertex in G — Nlu].

With this definition, we can prove the following theorem.

Theorem 6.22. Let G = (V, E) be a graph and u be a vertex of the graph. Then

D.(G,7) = De(G — u,x) + 2 De(G/u, x) — (1+ 2)pi(G) +2° Y olVIZINlwwil]
weN (u)



6.1 Recurrence Equations and Separating Vertex Sets 95

Proof. The argumentation is the same as in the proof of Theorem 5.14, except for the sum.
Suppose that u and v € N(u) are dominating vertices and no other vertex in N[{u,v}] is
dominating. Then {u,v} is only a connected dominating set if and only if N[{u,v}]=V. O

The “problem” with this recurrence equation is that the polynomial pS(G) is a new poly-
nomial. But in some special cases this polynomial becomes zero and we obtain some simple
recurrence equations.

Corollary 6.23. Let G = (V, E) be a graph. If two vertices u,v € V exist with N(v) C N(u),
then
D.(G,2) = Do(G — u,z) + 2 Do(G/u, x) 4 2* Z olVI=INHuwhl|
weN (v)

Corollary 6.24. Let G = (V, E) be a graph. If two vertices u,v € V exist with Nv] C N[u]
and N(u) forms a clique in the graph, then

Do(G,2) = (14 2)De(G — u,2) + 22 3 VNl
weN (v)

It is also possible to prove a recurrence equation with respect to the deletion of a vertex,
the deletion of edges between adjacent vertices and the combination of these two operations.

Theorem 6.25. Let G = (V, E) be a graph. Then
DC(G7 x) = DC(G - u7 CU) + DC(G @ u? x) - DC(G @ u? CC)

Proof. To prove the theorem, we use the idea of the proof of the Theorem 5.22. Applying the
Equations (2.1) to the Theorem 6.22 yields

De(G,#) = De(G —u, ) =2 De(G/u, x) — (1 4 2)pi(G)
12 3 oV Hww)

weN (u)
—2Do((G © u)/u,7) — (1 +2)p5(G © u)
+ 22 Z olVI=INKuw,w}] (6.2)
wEN (u)

Now we apply the Theorem 6.22 to the graph G ® u:

D.(Gou,z) —D.((GOu) —u,x) =xD.((GOu)/u,z)— (1+2)p;, (GO u)

. Z olVI=INeoul{u.w}]] (6.3)
wEN (u)

Observe that Ng(u) = Ngew(u) and Ngl{u,w}] = Ngeu[{u,w}]. These two observations
together with the Equations (6.2) and (6.3) give the theorem. O

Corollary 6.26. Let G = (V, E) be a graph such that w and w are adjacent vertices of the
graph with N[w] C Nu]. Then

D.(G,z) =D.(G — u,x) + D.(G ® u, x).

Remark 6.27. Let G = (V, E) be a graph and e € E be an edge of the graph. Then every
connected dominating set in G — e is also connected dominating in G.
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If a graph has a separating vertex set, then it is possible for many graph polynomials to
find a splitting formula. In the case of the connected domination polynomial we can prove
such a result if the separating vertex set is a clique.

Theorem 6.28. Let G = (V, E) be a graph, {G1,G2, X} be a splitting of G and X induces a
clique in the graph. Then

1
- Y|-2 (X —
D.(G, z) (Hx)Q;CXx D.(Gy — (X —Y)>—oVY, x)
[Y[>1

D.(Go — (X — Y) >V, z).

Proof. In the separating vertex set X, there must be at least one dominating vertex and
therefore the other vertices in the separating set are dominated. So, if in the graph G; the
vertices in Y C X are dominating, we can remove the vertices in X —Y from G1. Additionally,
we can contract the vertices of Y to a new vertex y and remove parallel edges because all
vertices in X are pairwise adjacent and all vertices in Y must be dominating. Then we add
a new adjacent vertex to the vertex y, to guarantee that the vertex y is dominating. The
new vertex yields the term (1 + z) in the polynomial because the additional vertices can
either be dominating or not, but the vertex y occurs in every connected dominating set in
G1— (X —Y)>—oY. Then we multiply the polynomial with the corresponding one of G5 and
2!V and divide it by #2(1 + z)? for the double counted vertices. O

Corollary 6.29. Let G = (V, E) be a graph and {G1,G2,{v}} be a splitting of G. Then

G1+ {v, },2)D.(G2 + {v,- },x)

D,
De(G,2) = ( x(1+ x)?

6.2 Irrelevant Edges and Vertices

In this section we characterize the essential vertices and the irrelevant edges and vertices of a
graph.

Definition 6.30. Let G = (V, E) be a connected graph. A wvertexr v of the graph is called
essential if D.(G — v,2z) = 0 and it is called irrelevant if

D.(G,z) = (14 2)De(G — v, ).
Moreover, an edge e € E of the graph is called irrelevant if D.(G,x) = D.(G — e, z).

An essential vertex is included in every connected dominating set of the graph. This leads
to the following lemma.

Lemma 6.31. A vertez v of a connected graph G = (V, E) is essential if and only if v is an
articulalion.

Proof. The graph is disconnected after the removal of the articulation v and therefore D (G —
v,x) = 0. Thus, every articulation is essential.

Suppose v is an essential vertex, but not an articulation. Then the set V'\v is a connected
dominating set in G, which is a contradiction to the assumption that v is essential. O
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The characterization of the essential vertices together with Theorem 6.25 yields the next
corollary.

Corollary 6.32. Let G = (V, E) be a graph and u be an articulation. Then
D.(G,z) =D.(G © u,x).

The next theorem characterizes the irrelevant edges of a graph. We call two essential
vertices essentially connected if there exist a path between them which only consists of essential
vertices. If not such a path exists, then we call the two vertices essentially non-connected.

Theorem 6.33. Let G = (V, E) be a connected graph and e = {u,v} be an edge of the graph.
Then e is an irrelevant edge if and only if its end vertices are adjacent to articulations which
are essentially connected in G — e.

Proof. “<": Suppose that the articulation w is the common neighbor of the vertices u and
v. Then w and v will be dominated from w and the connectedness of dominating vertices
depends not on the existence of the edge e.

Suppose now that the vertex w is adjacent to the articulation w and v adjacent to the
articulation x (see Figure 6.1). Furthermore, let  and w be essentially connected. Then
every dominating set which is connected in G is also connected in G — e.

Fig. 6.1: Graph with an irrelevant edge e.

“=": To prove this direction we distinguish three different cases: The vertices u and v are
not adjacent to an articulation, one of them is adjacent to an articulation and both vertices
are adjacent to an articulation but the articulations are essentially non-connected.

1. Suppose that e = {u,v} is an irrelevant edge of the graph G and no neighbor of u and
no neighbor of v is an articulation. Then it exists at least one path between v and v without
e in G, otherwise G — e is not connected. It remains to show that there exist at least one
connected dominating set in G, which is not connected dominating in G —e. Let W C V
be a connected dominating vertex set of G, such that uw,v € W, but the vertices u and v
are not connected by a path of dominating vertices. Such a connected dominating vertex set
exists because of the fact that u and v are essentially non-connected in G —e. Then W is a
connected dominating set in GG, but not in G — e and therefore e is not irrelevant.

2. To show this case we can use the argumentation of the case one (see Figure 6.2).

3. Suppose that e = {u,v} is an irrelevant edge of the graph G and they are adjacent to
two articulations w and x which are essentially non-connected (see Figure 6.2). Then there
exist at least one non-essential vertex on every path between w and z. If these vertices are
non-dominating, then the resulting dominating set is non-connected in G — e and therefore
the edge e is not irrelevant.

O

Remark 6.34. Ife and f are two irrelevant edges in G, then f is not necessarily an irrelevant
edge in G — e (e.g. see Figure 6.3).
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Fig. 6.2: Dominating vertex sets (red) which are connected in G, but non-connected in G — e.

Fig. 6.3: Graph with two irrelevant edges e and f (left), whereas f is not irrelevant in G — e.

Lemma 6.35. Let G = (V,E) be a graph, v € V be a vertex, W, be the set of connected
dominating set of G —v and W be the set of connected dominating sets of G. The vertex v of
G is irrelevant if and only if W =W, U{W U {v}: W € W, }.

Proof. The proof follows directly from the definition of the irrelevant vertices. O

Theorem 6.36. Let G = (V, E) be a graph. A vertex v € V is irrelevant if and only if every
incident edge is an irrelevant edge in G and the adjacent articulations induce a connected
subgraph.

Proof. “<": Suppose that all incident edges of v € V are irrelevant. Let e = {u,v} € E be
such an edge, then v must be adjacent to an articulation and therefore it will be dominated
from this vertex. Because of the fact that all adjacent articulations induce a connected
subgraph, the vertex v is irrelevant.

“=": Suppose now that v € V is an irrelevant vertex and e = {u,v} € FE is an incident
edge which is not irrelevant in G. Then u is not adjacent to an articulation which is essen-
tially connected to an adjacent articulation of v. Therefore, we can construct a connected
dominating set W, with u,v € W and all adjacent articulations of v are in W, such that v is
an articulation in G[W] (see Figure 6.4), which is a contradiction (follows from Lemma 6.35).

O
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Fig. 6.4: Graph with non-irrelevant vertex v.

6.3 Special Graph Classes

For many graph classes, the calculation of the connected domination polynomial is easy. In
this section, formulas and recurrence equations will be proved for several graph classes.

6.3.1 Complete and Nearly Complete Graphs

The class of the complete graphs is the easiest graph class for the most problems. Every
non-empty subset of the vertex set is a connected dominating set. This leads directly to

Do(Kp,xz)=(1+z)" —1. (6.4)

In Section 2.2 the k-bounded complete graphs are introduced (see Definition 2.12). We
can generalize the Equation (6.4) for the complete graph to the simple k-bounded complete
graphs and obtain the following theorem.

Theorem 6.37. Let G = (V,E) be a simple k-bounded complete graph KF with n vertices
and the type A(KF) = [ng,n1,n2,...,ny]. Then

-1 l
Do(KF z)=(1+2)™ 1) (L+z)" ™+ > |[(A+2)™ 1) [ @+2)™ -1
i=1 j=i+1

Proof. If at least one vertex of the clique of size ng is in the dominating vertex set, then the
remaining n — ng vertices can either be dominating or not. The so constructed dominating
set W induces a connected graph. Let now no vertex in Vj,...,V;—1 be dominating, but at
least one vertex in V;. Then this vertex dominates all vertices in V\V;, but the rest of the
vertices in V; will not be dominated and the set induces no connected graph. Therefore, at
least one vertex in Vjy1,...,V; must be dominating and the theorem follows. O

The second way to obtain nearly complete graphs is to remove a matching from the complete
graph.

Theorem 6.38. Let K, = (V, E) be a complete graph and M C E be a matching of the graph
with m = |M|. Then

D(K, — M,z) = (14 )" — ma® — 2mz — 1.
Proof. Every vertex subset W of size of at least one is a connected dominating set, except
for those vertex subsets of size two which consist of two non-adjacent vertices and the vertex

subsets which consist of one vertex with degree n — 2. There are m possibilities to choose
such a vertex pair and 2m possibilities to choose a single vertex with degree n — 2. O
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Corollary 6.39. Let K,, = (V, E) be a complete graph and M C E be a perfect matching of
it. Then n
D.(K, — M,z) = (1 +x)" — §x2 —nx — 1.

Theorem 6.40. Let G = (V, E) be a complete graph with k holes. Let n; be the size of the
i-th hole in the graph and mj = >"1_, n;, for j € {1,...,k}. Then

D.(G, ) = (1+x”mk+Z L4a)" ™ —1) (1 +2)" = 1) 4 De(Cp,, 7)] — 1.

Proof. Apply Theorem 6.10 iteratively to the holes and the rest of the graph. O

Corollary 6.41. Let G = (V,E) be a complete graph with k anti-holes. Let n; be the size of
the i-th anti-hole in the graph and mj; = J_, n;, for j € {1,...,k}. Then

D.(G, ) = (1+x"mk+z (L +2)"™ —1) (1 +2)™ — 1) + De(Cy,, 2)] — 1.

6.3.2 Complete and Nearly Complete Bipartite Graphs

Theorem 6.42. Let K, ,, = (V1 U Vo, E) be a complete bipartite graph with |Vi| = n and
|Va| = m. Then
De(Kmpn,z) = (L+2)" = 1) (L +2)"™ - 1).

Proof. If we choose at least one vertex from Vj and Vs, then all vertices are dominated and
the vertex subset is connected. O

Theorem 6.43. Let G = (V1 U Va, E) be a 1-bounded bipartite graph with |[Vi| =n, |Va| =
and let k be the number of vertices in Vi with degree m — 1. Then

D.(G,z) = ((1 )k 1) ((1 Fa)mh 1) (14 z)2
(2 = 1= k)1 +2)" (L +2) = 1)+ (4 2)m = 1)

+(a+a)f—1- k::c)Q - <§>x4

Proof. To prove the theorem, we distinguish three cases with respect to the number of the
dominating vertices of degree m in V; and of degree n in V. Let Wi C Vj be the vertices in
V1 which have degree m and Ws C V5 be the vertices in Vo which have degree n. Additionally
let U; = V;\W;, for i € {1,2}. If in W} and as well in W5 at least one vertex is dominating,
then all other vertices are dominated and the dominating vertices are connected. If only in
W1 at least one vertex is dominating but no vertex in Wy is dominating, then in Us at least
two vertices must be dominating to dominate all vertices in V. This case will be counted by

(1+2)F —1— kz) ((1 +a)nk 1) (1+ )k,

The same argumentation holds if only in Wy at least one vertex is dominating, but no vertex
in Wy is dominating. If in Wi and in W5 no vertex is dominating, then in U; and Us at least
two vertices must be dominating to dominate all other vertices and to induce a connected
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vertex subset. But if we choose two vertices in U; and the two corresponding vertices in
Us, then the induced subgraph is the graph P> U P> which is not connected. Therefore, the

polynomial for this case is
2
((1 +a)k—1— k‘x) - <§>az4

and the theorem follows. O

Corollary 6.44. Let K, , = (V1 U Vo, E) be a complete bipartite graph, with |Vi| = |Va| =n
and M C E be a perfect matching of the graph. Then

De(Kpp — M,z) = (1+2)" — 1 —nz)? — <g> .

6.3.3 Trees, Paths and Cycles

Theorem 6.45. Let G = (V, E) be a tree with n vertices and k leaves. Then the connected
domination polynomaial can be calculated by

D.(G,z) = 2" *(1 + z)*.

Proof. Let L be the set of the leaves of the tree. Then V\L is a subset of every connected
dominating set because if one vertex from V'\L is non-dominating, then the dominating set
cannot be connected. The leaves of the tree can either be dominating or not. O

A nice consequence of the previous theorem is that we obtain a simple formula for the path
P,.

Corollary 6.46. Let G = (V, E) be the path P, then
Do(P,z) = 2™ + 22" 4 2" 2,
A more general graph class are the simple k-paths (see Definition 2.24).

Definition 6.47. Let G = (V, E) be a simple k-path. Then fT(Lk) 15 the connected domination

polynomial of the simple k-path P,sk)

dominated.

under the condition that the first k vertices are already

Theorem 6.48. Let G = (V, E) be a simple k-path P,(lk) with n >k + 2. Then

k+1
De(PM,z) =23 £V,
=1

and

The initial conditions are

P = +a), Vie{l,... k)
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Proof. At least one of the first k+ 1 vertices in the k-path must be dominating and if a vertex
is dominating, then the next k vertices will be dominated. So we obtain the first recurrence
equation.

If the first k vertices are already dominated, then at least one of these k vertices must
be dominating to obtain a connected dominating set. This leads to the second recurrence
equation. If the k-path has at most k& vertices which are already dominated, then they can
either be dominating or not. O

Remark 6.49. It is also possible to use Theorem 6.28 to calculate the connected domination

polynomial of a k-path Pr(lk).
Remark 6.50. Let DC(P,gk),x) be the connected domination polynomial of the simple k-path

P,§,’“). Then DC(B(Lk), 1) yields the number of 01-words of length n, with no subword with k
consecutive zeros, except of the first and the last k digits.

For the connected domination polynomial it is also possible to prove a short equation for
the cycle in contrast to other graph polynomials like the domination polynomial.

Theorem 6.51. Let G = (V, E) be the cycle C,,. Then
D.(Cp,x) = 2" 4+ na" "1 + na" 2

Proof. If one vertex of the cycle is non-dominating, then one of both neighbors must be
dominating and there cannot be two non-adjacent non-dominating vertices. The only possible
way to choose non-dominating vertices is to choose one single vertex or two adjacent vertices.
With these considerations the theorem follows. 0

Theorem 6.52. Let G = (V, E) be the anti-cycle C,,. Then
D.(G,2) = (1 +2)" — 1 —nz — 2na* — na®.

Proof. Every vertex of the anti-cycle is non-adjacent to two other vertices. Therefore every
vertex subset of size one is a non-dominating set, and every vertex subset of size two with two
non-adjacent vertices is not connected. Additionally, every vertex subset of size two, where
the two vertices have a common non-adjacent vertex, is non-dominating. Furthermore, if we
add the common non-neighbor to these vertex subsets we obtain a dominating set which is
not connected. All other vertex subsets are connected dominating sets. 0

6.3.4 Some Product Graphs

In this section some equations for the calculation of the connected domination polynomial in
product graphs will be given. The first product of interest is the strong product. First we
prove a theorem about the strong product of a complete graph and an arbitrary graph.

Theorem 6.53. Let G = (V, E) be a graph. Then the connected domination polynomial of
the strong product of the complete graph K, and the graph G can be obtained by

Do(G K Ky, 2) = Do (G, (1 +2)" — 1)

Proof. Let W C V(G) be a connected dominating set in G. Then vertex set {(v,u) : v €
W,u € V(K,)} is connected dominating in the product graph G X K,,. This yields the
theorem. O
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It is already known that the connected domination number ~,. of the ladder graph (P,0P»)
equals n [Weid]. There are also some known recurrence equations for graph polynomials, e.g.
for the chromatic polynomial, the independence polynomial and the matching polynomial.
The next theorem yields a result for the connected domination polynomial for ladder graphs.

Theorem 6.54. Let p, be the connected domination polynomial of the product graph P,[1Ps
(n > 3), pl, be the polynomial under the condition that one vertex in the last row is dominating
and pll be the polynomial under the condition that all vertices in the last row of the product
graph are dominating. Then

pn=ax(1+2)p,_ + (1+2)°p)_,,

Ph = TPy 1 +2xp, 4,
Py = 352(17;1—1 + 1)

The initial conditions are
ph = 2% + 22 and ply = 2% + 22° + 2.

Proof. At least one vertex of the second to last row is included in each connected dominating
set. If exactly one vertex in the second to last row is dominating, then the vertex in the same
column (and the last row) must be dominating and the other vertex in the last row can either
be dominating or not. If the two vertices of the second to last row are dominating, then the
vertices in the last row are dominated and therefore they can either be dominating or not.
This yields the equation for the p,.

It remains to prove the equations for the polynomials p), and p!. The idea is the same as
before and Figure 6.5 illustrates the derivation of the two equations. The red vertices are the
dominating vertices in the graph. O

Fig. 6.5: Two possible situations for adding a row to p;,_; (left) and to pj,_; (right).

For the lexicographic product of two paths a nice theorem can be proved.
Theorem 6.55. Let P, and P, be two paths, with m,n > 3. Then
De(Py - Pyz) = (14 2)*™((1 +2)™ — 1)"2,

Proof. In each row, beginning from the second up to the second to last row, at least one
vertex has to be dominating to obtain a connected subset. These sets are also dominating
sets in the whole graph and therefore the theorem follows. O
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6.4 Connected Domination Reliability Polynomial

Wireless sensor networks (WSNs) consist of small nodes with sensing, computation and wire-
less communications capabilities. They are widely used in many applications, including traffic
control, geo-fencing of gas or oil pipelines, air pollution monitoring, and machine health moni-
toring (see [Hel2]). Suppose now that the nodes are subject to random failure, e.g. technical
fault or energy issue, and the links are perfectly reliable. One may ask: What is the prob-
ability that in such a probabilistic WSN a set of connected operating nodes exist, such that
every failed node is monitored? Such a set of nodes build a connected dominating set in the
corresponding network.

Definition 6.56. Let G = (V,E) be a connected graph and the wvertices of the graph are
subject to random and independent failure with probability ¢ = 1 — p. Then the connected
domination reliability polynomial DRel (G, p) is defined as follows

DRel.(G,p) = de k1 —p)n .

This reliability polynomial can be obtained from the connected domination polynomial.

Lemma 6.57. Let G = (V,E) be a graph and D.(G,x) be the connected domination poly-
nomial of G. Then the connected domination reliability polynomial can be calculated in the
following way:

DRelc(Gap) = (1 - ) (G i)

Proof. We simply use the definition of the connected domination reliability polynomial and
perform some substitutions:

DRel.(G,p) = > di.(G —p)k
k=1

O

Corollary 6.58. Let G = (V, E) be a graph and DRel.(G,p) be the connected domination
reliability polynomial. Then

T

D =(1 "DRel —
C<G7$) ( +1’) ReC(G71+x

).

The connected domination reliability polynomial yields a lower bound for the residual net-
work reliability R;(G,p) (Definition 2.50) of the graph G (see Figure 6.6).

Lemma 6.59. Let G = (V, E) be a connected graph, DRel (G, p) be the connected domination
reliability polynomial and R1(G,p) be the residual network reliability of G. Then

DRel.(G,p) < Ri(G,p), for 0 <p < 1.
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Fig. 6.6: Reliability functions of the diamond graph (red), a random tree with 8 vertices and 4 leaves (black),
the complete graph Kg (blue), and the corresponding residual network reliability (dashed).
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7 The Bipartition Polynomial

The domination polynomial exclusively counts dominating vertex subsets. A promising way
to refine this polynomial is to encode the size of the neighborhood of a (not necessarily
dominating) vertex subset W, e.g. !WlyINW)I - Nevertheless, we call the vertices in such a
vertex subset W dominating vertices. Let now W be the set of all edges of G with exactly
one of their end vertices in W. As a further generalization of the domination polynomial, we
count the edges that are necessary in order to cover a subset of Ng(W) which provides the
following definition.

Definition 7.1. The bipartition polynomial is defined in the following way:

B(Gia,y,2) = 3 2l S yiNowm (WLIF
wcv FCow

It follows directly from the definition that the bipartition polynomial is multiplicative with
respect to components of a graph. Let G = (V, E) be a graph with two components G; and
Go, then

B(G;z,y,2) = B(G1;2,y,2) B(Ga; 2, 9, 2).
The bipartition polynomial has some nice representations (see [Dod+15]). One of these

representations is a multiplicative representation, which is useful for many proofs.

Theorem 7.2. [Dod+15] The bipartition polynomial has the following multiplicative repre-
sentation:

B(G;z,y,2) = Z zW H (y ((1 + z)INaNW] _ 1) + 1) . (7.1)

WwCv veNG(W)

Recurrence equations with respect to vertex or edge operations exist for many graph poly-
nomials. In contrast, for the bipartition polynomial no such nice results can be proved.

Theorem 7.3. Let G = (V, E) be an arbitrary graph and v be a vertex of this graph. Then
no linear recurrence equation with the operations G — v, G/v, G — Nv], G/N[v] and G ® v
exists. More precisely, no rational functions a,b,c,d,e € R(x,y, z) exists that satisfy

B(G;z,y,2) =aB(G — v;z,y,2) + bB(G/v;z,y,2) + ¢B(G — N[v]; x,y, 2)
+dB(G/Nv];z,y,2) + eB(G ®v;x,y, 2).

Proof. The proof uses the idea of the proof of Theorem 3.8. O
In spite of this result, it is sometimes possible to prove a recurrence equation if the graph has

some special properties. The following theorem gives a result of this kind for the bipartition
polynomial of a graph having a vertex of degree one that is adjacent to a degree-two vertex.
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Theorem 7.4. Let G = (V,E) be a graph, u,w € V, e = {u,w} € E, degg(u) = 1 and
v & V. Then the bipartition polynomial satisfies:

B(G + v+ {u,v};2,y,2) =(1 + ) B(G; 2,9, 2) + 2y2(2 + 2) B(G — u; 2,9, 2)
— zy2*(1 — y) B(Gle; 2, y, 2).

Proof. The bipartition polynomial can be split into three parts with respect to the vertex
u. The first part B{(G;z,y, 2) is the domination polynomial under the assumption that the
vertex u is dominating. The second part BY(G; z,y, z) is the polynomial under the assumption
that u is non-dominating, but u is dominated in G. The last case is that u is not a dominating
vertex and is non-dominated in G. Observe that the sum of these three polynomials is the
bipartition polynomial B(G;x,y, z) of the graph G. We obtain:

B(Grap )= 3 W Y yNonLIF] (72)
Wey FCOW
ue

BY(G;z,y,2) = Z zW Z yNw.r) (W IEL (7.3)
WCv FCOW
'U,QW ’LLEN(%F)(W)

Bi(Giry )= 3 W N0l (7.49)
wCv FCOW
ugW ug Ny, py (W)

For the sake of convenience we write BY(G) instead of BY(G;x, v, ), for i € {1,2,3}. Con-
sidering the neighbor w € V' of u, we can simplify the three polynomials B}(G), BY(G) and
B4(G). If u is a dominating vertex, we have three possible cases for the vertex w. If w is a
dominating vertex, the edge {u, w} has no influence on the polynomial. If w is dominated in
G — u, we can either add the edge {u,w} or leave it out. This leads to (1 4 z) BY(G — u).
If w is non-dominated, then we can either include the edge in the selected edge subset F', so
that w will be dominated by u, or we leave the edge out. This leads to (1 + yz) B§ (G — u).
With these considerations we obtain:

Wegm\// FCOW
:x<B§”(G W)+ (14 2)BY(G —u) + (1 + y2)BY(G — u)). (7.5)

In the second case, u is dominated by w in G. So the vertex w must be dominating and
the edge {u, w} must be counted. Due to the fact that deg(u) = 1, we can remove the vertex
uw and the edge {u,w} in the two sums.

B3 (G) = Z ol Z yNevr (W)L IF

wcv FCOW

SR L S I LT

WCV\{u} FCOW

R D LA S AL

WCV\{u} FCOW\{w,u}
weWw

=yzBY (G — u). (7.6)
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In the third case, u is not a dominating vertex and it is non-dominated. This means that we
can remove the vertex u and the edge {u,w} from the two sums and calculate the polynomial
in G —u.

Bi(@) =Y 2™ N N (WLIF

wcv FCOW
ugW ug Ny, gy (W)

= Z 2!V Z yNor (W)L F|

WCV\{u} FCOW\{w,u}
= B(G —u;2,y, 2). (7.7)

If we now add the vertex v and the edge {u,v} to the graph G, we can write the bipartition
polynomial as follows:

B(G+ v+ {u,v}x,y,2) =(1+2)B(G;z,vy,2)
+ 2 (yBY(G) + zB5(G) + zyB5(G)) . (7.8)

If the edge {u,v} is not used (or more precisely, it is not counted in the second sum of the
bipartition polynomial), then the vertex v can be dominating or not. This gives us the first
part of the sum. If the edge is used (either u or v is dominating), the vertex u can be in three
states. If u is a dominating vertex, then the new vertex v will be dominated by u. So we
obtain yzBY(G). If u in G is dominated, then v must be a dominating vertex. This leads to
zzBY(G). If u is non-dominating and is non-dominated, then v must be a dominating vertex.
This leads to the last part zyzB%(G).
The substitution of (7.5), (7.6) and (7.7) in Equation (7.8) yields:

B(G 4 v+ {u,v};z,9,2) =(1 + 2) B(G; , ¥, )

+ z[y:z(Bi“(G — )+ (1+ 2)BY(G — u)

+ (14 y)BY(C — W)

+ 2y2BY(G — u) + 2y B(G — u; z, v, 2)}
=1+ 2z)B(G;x,y,z2)

+2ya( BG — wa,y, 2) + 2BY (G — ) + yzBY (G — u))

+2yzBY (G — u) + 2y B(G — u; 2, v, Z)}
=(1+4+2)B(G;z,v, 2)

+z [Qxy B(G —u;z,y, 2)

+yz (BY(G — u) + BY (G — u) + yBY(G — )
=(1+2)B(G;z,v, 2)

+z [(2:1:y +2y2) B(G — w;z, y, 2) — 2yz(1 — y)BY(G — u)]
=(1+2)B(G;z,y, 2)

B(G — u;,y,2)

+z [(Qxy + zyz)

—xyz(1 —y)B(G —u —w;z,y,2)
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=1 +2)B(G 2,9, 2)
+ayz(2+ 2) B(G —u;z,y, 2) — wyz*(1 — y) B(Gle; 2,y, 2).

O

Corollary 7.5. From Theorem 7.4 we directly obtain o recurrence equation for the path P,
(n>2):

B(Pn-i-l; z,v, z) = (1 + .T) B(Pn7 x,y, Z) + fL’yZ(z + Z) B(Pn—ﬁ z,Y, Z)
— $y22(1 - y) B(Pan;:L‘v Y, Z)

The initial conditions are

B(PO;:E) Y, Z) = 17
B(Pi;z,y,2) =1+ x,
B(P2;z,y,2) = (14 2)* + 2zyz.

Let B(G;z,y,z) be the bipartition polynomial of G. Then we define
bir(G) = [¢'y"|B(G; x,y, 2)

and

birl(G) = [:L'iykzl]B(G;x,y,z).

Theorem 7.6. Let G1 = (V(G1), E(G1)) and Gy = (V(G2), E(G2)) be graphs, n = |V (G1)|
and m = |V(G2)|. Then

n n—k m m—i
B(G1#Gaiwy2) =33 37 3ty hu(Ga)biy(Ga) (1 + )7+
k=0 1=0 i=0 j=0

Proof. Suppose that W; C V(G;), Y; C V(G;) and Z; = V(G;)\W;\Y; with W; NY; = 0,
for i € {1,2}. Furthermore, let |Wi| = k, |Y1| = [, |[W2] = i and |Ya2| = j. Suppose
that the vertices in W; are the dominating vertices in G; and the vertices in Y; are the
vertices dominated by W;. The polynomial by (G1)b;j(G2) counts the possibilities to choose
such pairs of vertex subsets and the edges between them. In G *x G2 we have to count the
possibilities to choose edges between W7 and Yy and Wy and Y;. Therefore, we obtain the
term (1 + 2)¥*#  Additionally, the vertices in Z can be dominated by vertices in W; and
the vertices in Z7 by vertices in Wa, respectively. If we choose at least one edge between a

vertex of Zo and an arbitrary vertex of Wy, the vertices in Z5 are dominated. This is counted
by (y((1 + 2)*¥ — 1) 4+ 1)~ and yields the theorem. O

Theorem 7.7. Let G = (V(G), E(G)) be a simple graph and n = |V (G)|. Then

o y(1+ 2) B
"1+yz 1+yz’
+yB(G;x(1+ 2),y,2) — (y — 1) B(G; 7,9, 2).

B(GxKi;x,y,2) =2(1 +y2)"B(G
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Proof. Let K1 = ({v},0) be a graph with one vertex. If the vertex v is a dominating vertex,
then v dominates all vertices in G * K7 that are not already dominated. Additionally, we can
choose edges between v and vertices in G which are already dominated from other vertices in
G. This yields the first term of the sum:

T Z Z y|N(V,F)(W)|(1 + yz)n*\W\*W(v,F)(Wﬂ(l + Z)\N(V,F)(W)\Z\F\
WCV (G FCOW
[W| 1 [N, ry (W)]
= 2(1 +yz)" Z <1 T ) Z <3/1( +Z)> SF|
wevg N T Y FCOW tyz

If the vertex v is dominated, then we can choose an edge from every dominating vertex in G
to the vertex v, but at least one edge must be chosen. This leads to the second term in the

sui:
Y Z £V ( (14 2)W = 1) 3y NenNILIEL
WCV(G FCoOwW

If v is neither dominating nor dominated, then no edge between v and G occurs and we must
simply add B(G;z,y, z), which yields the theorem. O]

Corollary 7.8. Let F,, = (V, E) be a fan with n vertices. Then

z  yl+z)
1+yz 14+yz'’
+yB(Po-1;2(1 + 2),v,2) — (y — 1) B(Pa-1; 7,9, 2).

B(Fn;.l’, Y, Z) :w(l + yz)nB(Pn—U

Corollary 7.9. Let W,, = (V, E) be a wheel with n vertices. Then

x y(1+2)
1+yz 1+4yz
+yB(Cr—1;2(1+ 2),y,2) — (y = 1) B(Cr—15 2,9, 2).

B(Wm z,Y, Z) = .7}(1 + yz)n B(Cnfﬂ

9

7.1 Encoded Graph Invariants

From the bipartition polynomial a lot of graph invariants can be obtained. Such numeric
invariants are the order of the graph G

[V(G)| = deg(B(G; x,1,1))

and its size
E(G)] =5 [wyz} (G, z,y, 2).

The maximum size of an edge cut of G is given by
CmaX(G) = deg(B(G7 17 17 Z))
which provides the number of maximum edge cuts

[ZCM,AG)} B(G,1,1,z).
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Theorem 7.10. Let G = (V, E) be a simple graph with the bipartition polynomial B(G; xz,y, z).
Then

§(G) = min{i|[zz"] B(G; 2,1,z — 1) > 0},
A(G) = max{i|[zz"] B(G; 2,1,z — 1) > 0}, and
tdeg;(G) = [22'] B(G; z,1, 2 — 1).

Proof. Substitute y with 1 and z with z — 1 in Equation (7.1). This yields

B(G;z,1,z—1) = Z Pl H ZNa@)NW],
WOV weNe(W)

Hence, the coefficient of z2° in B(G;x,1,z — 1) yields the number of vertices with exactly i
neighbors and the theorem follows. 0

Corollary 7.11. The number of isolated vertices iso(G) of the graph G = (V,E) can be
determined by
iso(G) = [z] B(G; z, 1, —1).
Moreover, the last results show that the degree generating function of a graph G = (V, E)
is
theg” = [a:l] B(Gyz,1,t —1).
veV

Theorem 7.12. Let G = (V, E) be a graph with m edges. Then
SE = 5k[xkzm_(§)_(n5k)}sz(G; x,1,z—1)

yields the number of splittings of the graph in two cliques with k and n — k vertices, with

1, otherwise.

Proof. The coefficient of ¥ in the polynomial 2™ B(G; z, 1, %— 1) yields the number of edges in
the graph which are not between the k£ dominating vertices and the corresponding dominated
vertices. If the two sets, the dominating vertices W and the other vertices in V — W, are
cliques, then there must be m — (g) - ("gk) edges between the two sets. If k = n/2, then we
count every set of two cliques twice. O

Corollary 7.13. Let ¢; be the number of l-cliques in the graph G = (V, E). Then

n—1

1
Cn_1 = [xz( 2 )}sz(G;fc, 1, P 1).

The bipartition polynomial encodes a variety of graph polynomials (see [Dod+15] and Fig-
ure 9.1 on page 129). The next theorem shows the connection to the domination polynomial.

Theorem 7.14. Let G = (V, E) be a graph, D(G, z) its domination polynomial and B(G; x,y, z)
its bipartition polynomial. Then

D(G,z) = [y"| B(G;zy,1 —y,—1).
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Proof. Observe that we have N(v) N W # (), for all v € N(W). Now we substitute x with zy,
y with 1 —y and z with —1 in Equation (7.1). This yields

B(Gizy1—y,-1) = Y (@) T[ |-y [0V —1] 1]

WCV veN (W)
- T
WCVvV veEN (W)
= 3 Wl WHN L,

wcCcv

All vertex subsets W with |W|+|N(W)| = n are dominating sets and the theorem follows. [

Definition 7.15. Let G = (V, E) be a graph. Then the matching polynomial of G is the
ordinary generating function
= Zmi(G x
i

The coefficient my, of the polynomial is the number of matchings of size k.

Remark 7.16. Sometimes the matching polynomial is defined as

WG, z) =Y (—1)'m(G)a" %
Theorem 7.17. Let G = (V, E) be a graph and 1(G,x) be the matching polynomial of G.
Then

u —k—i
WG, z) ( ) < , >bikk(G).

Proof. Let G be a graph of order n and let k£ be a given positive integer. We use the ab-
breviations b; = bjxk(G) and p = n — k. Let D;(G) be the set of all bipartite subgraphs
H=(XUY,F) of G with | X| =1, |Y| = |F| = k, such that all vertices of ¥ have degree 1
in H. Hence the cardinality of D;(G) is b;. Observe that we consider X UY as an ordered
bipartition, which implies that bipartite subgraphs which are identical except that the sets
X and Y are exchanged are counted twice in b;. Let C;(G) be the subset of D;(G) consisting
of those (ordered) bipartite subgraphs of G that do not have any isolated vertices in X and
define ¢; = |C;(G)|. As the end vertices of any edge in a matching can be arbitrarily assigned
to X or Y, we have 2¢my, = ¢;. Each bipartite subgraph in D;(G) that contains exactly i — j
isolated vertices in X consists of a subgraph H from C}(G) and a selection of i — j vertices
out of the n — k — j vertices that do not belong to H. Consequently, we obtain

=3 ()

t—1J

-3 <f - j>cj. (7.9)

The theorem states that
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and hence
k .
—i(P—1
cr=> (-1)F <k _i>bi.
i=1

Replacing k by j and substituting ¢; in (7.9) yields

Thus it remains to prove that
—1 — ,
Z (p - l) (p_ j) (—1)7t =6y
; J t=7
Rearranging the binomial coefficients yields
SENE ey =P () ey
- j—=U)\i—jJ p—1 - 1= '

If i = [, then the last sum has only one non-vanishing term, which is 1. Otherwise, if i # [,
then the binomial coefficient or the sum vanishes, which completes the proof. O

The following theorems show connections of the bipartition polynomial to other graph
polynomials. These results can be found in [Dod+15].

Theorem 7.18. [Dod-+15] Let B(G;x,y,z) be the bipartition polynomial and C(G; z) be the
cut generating function of the graph G. Then

1
C(G;z2) = §B(G; 1,1,z —1).
Peter Tittmann [DT15| defined the extended cut polynomial

J(Giay)= 3 alWlylEW)IHow,
wcv

This polynomial can also be obtained from the bipartition polynomial in r-regular graphs.

Theorem 7.19. Let G = (V, E) be a r-regular graph and J(G;x,y) its extended cut polyno-
mial. Then

J(Giz,y) = B(Giavy™, L\/y — 1).

Proof. If G is a r-regular graph, then r|W| = 2|E(W)| + |0W| and therefore |[E(W)| =
1/2(r|W| — |0W]). Using Equation (7.1) we can verify that

B(G;xt", 1,z —1) = Z I WlgrWi 10w,
wcCcv
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Now replacing ¢ with \/y™ and z with % yields:

ow|
W1y fyrw] < ) _ (W1, 1/2(r[ W[~ [0W]), [oW |
X xr

wWCcv wcv
- Z Wy [EW)I, [oW]
wWcCv
which proves the theorem. O

Let G = (V, E) be a graph, then the Ising polynomial Z(G;x,y) is defined as follows

Z(Gyzy) =a"y™ Y o Wlym oW
WCv

Theorem 7.20. [Dod+15] The Ising polynomial of a graph G = (V, E) with n vertices and
m edges is given by
Z(G;x,y) =x"y"B <G; 1, 1, 1 — 1) .
Zz Y
Theorem 7.21. [Dod+15] Let G = (V, E) be a simple r-regular graph. Then the independence
polynomial of G is given by

1
I(G,t) = lim B (G;tmr,l, - 1> .
z—0 x

The great variety of graph invariants encoded in the bipartition polynomial leads to the
question how well this polynomial distinguishes non-isomorphic graphs. Figure 7.1 shows
the smallest pair of non-isomorphic graphs with the same bipartition polynomial. These
graphs were presented in [Marl4] as an example for non-isomorphic graphs with the same
Potts model partition function. We could show by exhaustive computer search that all non-
isomorphic trees with up to 15 vertices and all non-isomorphic graphs with up to 9 vertices
can be distinguished by their bipartition polynomial.

AR
%/\ !/
Nl \

Fig. 7.1: The smallest pair of non-isomorphic graphs with the same bipartition polynomial.

N\ /
\//

7.2 Special Graph Classes

In this section we investigate the bipartition polynomial of some special graph classes. It is
obvious that the bipartition polynomial of the edgeless graph FE,, is simply (1 + x)". But
other graph classes are more interesting. In this section we show some results for complete
and nearly complete graphs, and substitution graphs.
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7.2.1 Complete and Nearly Complete Graphs

Theorem 7.22. Let K,, be a complete graph with n vertices. Then

n

B(uia2) = 3 () )0+ 2~y 1

k=0

Proof. Any vertex subset W of cardinality k in K, has an open neighborhood of size n — k
and each vertex v of this neighborhood has exactly k edges that link v with a vertex in W.

We obtain ) o
B(Kniz,y,2) =y (Z) "y (” ; k) P ((1+ 2)% — 1),

k=0 §=0

Here (1+2)* —1 is the ordinary generating function for the choice of a nonempty subset of the
set of k edges that connect v with a vertex in W. Now the theorem follows by simplification
of the inner sum using the binomial theorem. O

With Theorem 7.7 we can calculate the bipartition polynomial for nearly complete graphs.
Let G = (V, E) be a nearly complete graph and let C' C V be a maximum clique in G. In
the first step we calculate the bipartition polynomial of G — C' and then add successively the
vertices of the clique C' using Theorem 7.7.

In the following theorems we will give some explicit equations for some special nearly
complete graphs.

Theorem 7.23. Let n be an even number greater than or equal to two and let G = (V, E) be
a graph obtained from the complete graph K, by removing a perfect matching. Then

n n

k ,
B(G; 2, y, ) :ZQ: <;>$2k 22: (2 ; k) ol i (y(l 4Pl 1)2
k=0 i=0
(y (1 i Z)2k+i - 1) n—2k—21

Proof. 1f we remove a perfect matching in the complete graph, then there are n/2 pairs of non-
adjacent vertices. In the theorem, we count the number of such pairs where the two vertices
are dominated by k£ and by ¢ the number of pairs where exactly one vertex is dominating. In
the second case we can change the roles of the two vertices of the pair and get 2¢ possible sets.
Let now W C V be a vertex subset of the graph, v € W, u ¢ W and |W| = 2k + ¢. Then u
has 2k + ¢ — 1 neighbors in W. All other vertices, which are not in W, have 2k + i neighbors
in W. Together with the ideas of the proof of the Theorem 7.22 the theorem follows. O

It is also possible to calculate the bipartition polynomial of an (n, k)-star.
Theorem 7.24. Let G = (V, E) be an (n,k)-star. Then

s =3 (5 (5

i=0 =0
(YL +2) —y+1)" I (y(1+2)" —y+ 1)
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Proof. Let V5 be the vertices of the k-clique and V)3 =V — V4. First of all, we choose i vertices
from V5 and j vertices from V7. Now we sum over all possibilities to choose vertices in Vo
which are non-dominating. All of these vertices can be dominated by a vertex in Vi. Now we
choose [ vertices from V; which are non-dominating. These vertices can be dominated by the
dominating vertices in Vi and V5. With these considerations we obtain

k k An—k n—k A
B2 =3 (F)e X (")
i=0 =0
n—k—j n—lk—i k—i .
B or oo
b=0 =0

Now the theorem follows by simplification of the inner two sums using the binomial theorem.
O

Remark 7.25. The approach presented in Theorem 7.24 can be generalized in order to find
the bipartition polynomial of a split graph.

7.2.2 Substitution Graphs

Let H = (V(H),E(H)) be a simple graph and let G = (V(G), E(G)) be a graph with a
distinguished vertex u. The graph H®" is obtained from H by gluing a copy of G at the
vertex u on each vertex v of H. For the following theorem and its proof, we use again the
polynomials BY, i € {1,2,3}, introduced in the proof of Theorem 7.4 (see Equations (7.2),

7

(7.3), and (7.4)).

Theorem 7.26. Let G = (V(G), E(G)) and H = (V(H),E(H)) be graphs and u be a vertex
of G.

B(H" 2,y,2) = (B(G — u; z,y, 2) + B4(G))V )
B{(G) yB(G —u) + B4(G)

B 5@ + B30 B —w) + BY(C)

,Z).
Proof. First we consider a term «;yt's? y* 2! of the expanded form of the following polynomial:

f(H) = Z 2IWI Z y’N(V,F)(W)‘tlv‘_‘N(V,F)[W]|Z|F|‘

WCV(H) FCOW

The coefficient a;j; counts set quadruples (T, W, S, F) with |T'| =, |W| = j, |S| =k, |F| =,
such that T, W, S are disjoint subsets of V(H) with TUSUW = V(H) and F C E(H). The
set W is the set of dominating vertices and S comprises all dominated vertices that are non-
dominating. All edges of F' link a vertex of W with a vertex of S. If a vertex u is in W,
it is also a dominating vertex in the attached copy of the graph G. So we can substitute
z in f(H) by BY(G). If a vertex w is in S, then it can either be dominated or not in the
corresponding copy of G. The term BY(G) + yBj(G) yields exactly the polynomial for this
situation and we substitute y in f(H) with it. The rest of the vertices, counted by ¢, must
have the same state in the attached copy of G. So we substitute ¢ with B§(G). Observe that
B4(G) = B(G — u;z,y, z). This argumentation leads to the following formula, which yields
the theorem.
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B(H 5z 2)= 3 BIGM™ 30 (BHG) +yBy(G) M)
WCV(H) FCoyWw
BY(G)V =N, W] |

— (RY u |V (H)| Bi(G) .
(B3(G) +B3(G)) WQZV(H) (B%(G) 4 B%(G))

BY(G) +yBY(G) ) o)
3, (e ain )

I

FCogW

O

Let S,, be a star with n vertices and let v € V be the center vertex of .S,,. Then we can
split the bipartition polynomial in three parts with respect to the vertex v:

Sp = Bi(Sn) = z(1 + 2 +y2)" ",
Sz =By(Sn) =y (L+z(l+2)"" = (1+a)" 1),
S3 =BY(S,) = (1 +z)" 1,

Moreover, let Sp° = 52 + 53

A hedgehog is a graph H,, with 2n vertices such that n vertices induce a clique in H, and
each vertex of the clique is adjacent to exactly one vertex outside of the clique. Consequently,
the edge set of H, can be partitioned into the edge set of a n-clique and the edge set of a
perfect matching of size n. A generalized hedgehog H(G) is a graph, obtained from a graph G
by attaching a pending edge to each vertex of G. A star-hedgehog Si(G) is a graph obtained
from a graph G by attaching k pendent edges to each vertex of G (see Figure 7.2).

e 4

N
12\/\\3/7

11 8

10 9

Fig. 7.2: Star-hedgehog with K3 as center

Corollary 7.27. Let G = (V, E) be a graph with n vertices and k > 1. Then

B(Sk(G);z,y,2) = <y(xz ta+ Dk~ (y—1)(z+ 1),C)IV(GN

B (G' Sli+1 y5;3+1 + SI%H 7 z) _

1 52,3 0 2,3
Sk Sk
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7.3 Counting Bipartite Subgraphs

First, we introduce the graph polynomial B (G, z) which counts the number of bipartite sub-
graphs with respect to the number of the edges of these subgraphs. Let G = (V, E) be a

simple graph, then )
B(G,z) = Z 2P

FCE
(V,F) is bipartite

The bipartition polynomial can also be represented as a sum over the bipartite subgraphs
of a graph G.

Theorem 7.28. [Dod+15] The bipartition polynomial satisfies

BGiay)= 3 M@ payetn) T (@Ml gV,

V. F%)E" - (V1uVa,A)eComp(V,F)
F) is bipartite

where Vi and Va are the bipartition sets of a covered component of (V, F') with the edge set A.

Thus the question arises: Is it possible to obtain the B-polynomial from the bipartition
polynomial? This question is still open, even for bipartite graphs.

It follows directly from the definition that the B-polynomial is multiplicative in the com-
ponents of a graph. Another interesting property of the B-polynomial is given by the next
lemma.

Lemma 7.29. Let G = (V, E) be a bipartite graph. Then
> (-D)IFIB(G - F2) = 2P,
FCE

Proof. Using the definition of the polynomial yields the lemma:

S (-D)FIBGE-Fz) =Y (-)F > A

FCE FCE HCE-F
— E:,AHI E: (—=1)IF!
HCE FCE-H
I,

We can use the last lemma to prove the next statement.

Theorem 7.30. Let G = (V, E) be a connected graph. Then

> (-)FIB(G - F,2) =

{2E|, if G is bipartite
FCE

0, otherwise.

Proof. Tt remains to prove that the sum vanishes for non-bipartite graphs.

S (-)FIBG-F2)=> (-pF > LM

FCE FCE HCE-F
(V,H) bipartite

L L)

HCE FCE-H
(V,H) bipartite
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The second sum is only not equal to zero if H equals E, but this is not possible because of
the fact that the graph G is non-bipartite. Therefore, the theorem follows. O
Connection to the Edge-Cover Polynomial

In bipartite graphs the edge-cover polynomial (see Definition 2.45) can be calculated from the
B-polynomials of the induced subgraphs.

Theorem 7.31. Let G = (V, E) be a bipartite graph and E(G, z) be the edge-cover polynomial
of G. Then

EG,2)= (DY Y (~n"B@W].2) -1
4%

Proof. Again, we simply use the definition of the B-polynomial and obtain

> YWIB@EW]z) =Y (~pM Y L

wcv WCv FCGW]
= Z 2Pl (—1)lUF Z (—1)"WI 41
FCE WCV\UF
=V Sy A
FCE

F' is edge-cover

The second sum in the second to last line equals zero if at least one vertex is not covered by
the chosen edges and therefore only edge-covers of the graph will be counted. O

Theorem 7.32. Let G = (V, E) be a graph. Then

Y DFIEG(F), 2) = (=),

FCE

Proof. Using the definition of the edge-cover polynomial yields:

S EOABGE,) =Y (DF S

FCE FCE HCF
H is edge-cover in G(F)

YL Syt

HCE FDOH
H is edge-cover

= Z ZHl (1)l Z (=)l

HCE FCE\H
H is edge-cover

= (9"

Theorem 7.33. Let G = (V, E) be a graph. Then

> (-)FIE(G - F 2) = 2P,

FCE
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Proof. Using the definition of the edge-cover polynomial yields:

S OFBG-F) = Y ()F Y
FCFE FCFE HCE\F
H is edge-cover

D R Sl

HCE FCE\H
H is edge-cover

— LBl

Theorem 7.34. Let G = (V, E) be a graph. Then

> COWIEGIV],2) = Y (1) UFIaI

WCVv FCE

Proof. Again using the definition of the polynomial yields:

S COWIEGWL) = Y oW Y

WV WV FCE(GIW])
F is edge-cover in G[W]

= Z S E (—=1)I

FCE Wwcv
F is edge-cover in G[W]

=3 (—UrIE,

FCE

Every edge subset of the graph has exactly one corresponding vertex subset in which this edge
subset is vertex-cover, namely the set which consists of the end vertices of the edges. O

Definition 7.35. Let G = (V, E) be a graph with random failing edges. The edges are assumed
to fail independently with identical probability ¢ = 1 — p. Then the probability that the graph
has no isolated vertex is denoted by Piso(G,p).

Lemma 7.36. Let G = (V, E) be a graph with random failing edges. Then
PiSO(G7p) = (1 _p)‘ElE(Gap/(l _p))

Proof. A spanning subgraph G(F'), with F' C E, has no isolated vertex if and only if F' is an
edge-cover in GG. Therefore,

1-pPEGp/a-p)= > pfla-pF-r

FCE
F is edge-cover

yields the probability that the graph has no isolated vertex. O
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Theorem 7.37. [AO13] Let G = (V,E) be a graph with m edges and no isolated vertez.
Furthermore, let e;(G) be the number of edge-covers with i edges in G and

Then

5.(C) = <77Z1> -y <m —id(v))

veV

6Z(G)ZéZ(G), ViE{l,...,m—25+1}
ei(G) = é;(G), Yie{m—20+2,m}.

We can use this theorem to obtain a lower bound for Pig (G, p).

Corollary 7.38. Let G = (V, E) be a graph with m edges and no isolated vertex. Then for

all p € 10, 1]

m

Piso(G,p) 2 Y [&(G) = 0]&(G)p'(1 — p)™ .

i=1
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8 Three Possible Generalizations of the
Domination Polynomial

The generalization of counting polynomials is a promising way for a better understanding of
these polynomials and it shows interesting connections to other polynomials. In this chapter
three generalizations will be presented. The aim of these definitions is to show some possible
directions for further research.

8.1 The General Domination Polynomial

Definition 8.1. Let G = (V,E) be a graph. Then the general domination polynomial is
defined as
E(G;z,y, z,w) = Z g WlyINW)Liso(GIW) e GIWD)
wWCcv

The general domination polynomial has some connections to other graph polynomials.

Theorem 8.2. Let G = (V, E) be a graph, Q(G;v,x) be the subgraph component polynomial,
Y (G;z,y, z) be the trivariate domination polynomial and D.(G, x) be the connected domination
polynomial of G. Then
Q(G;v,z) = E(G;v, 1, @, x),
Y(G;2,y,2) = E(G; 7,9, 2,1),
De(G,z) = [y"2] E(G; 2y, y, 2, 2).

Proof. Using the definition of the general domination polynomial yields

E(Giv,1,z,0) = 3 vWlgio(GV)5e(Glv)
WwWcv

= 3 WWIEWD — (G v, x)

WV

B(G 2y, 21) = 3 alWlyINOV)iso(GOV)
wWcCcv

=Y(G;,y,2).
The coefficient of z%y?2* of the polynomial
E(G;zy,y,2,2) = Z Wy INIWI R (GIV)
wcv

counts the number of sets W of size ¢ that dominate j — ¢ other vertices and the subgraphs
G[W] having k components. The coefficient of y"z yields the generating function of the
connected dominating sets of the graph. O
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Corollary 8.3. Let G = (V, E) be a forest with n vertices. Then
\(G,2) = W) B(Gs o(x — 1), 1,2/ (z — 1), 2/(z — 1))

Proof. This corollary follows immediately from the connection of the general domination poly-
nomial and the subgraph component polynomial. Trinks [Tril2b| showed that the subgraph
component polynomial and the subgraph counting polynomial are equivalent if the graph is
a forest. This yields the connection to the chromatic polynomial. O

Theorem 8.4. Let G = (V, E) be a graph which vertices fail independently of each other with
the probability ¢ = 1 — p. Furthermore, let R1(G,p) and Ri(G,p) be the residual network
reliability and the k-residual network reliability, respectively. Then

Ri(G,p) =(1 = p)"[2] E(G;p/(1 = p),1,2,2) and

Rk(va) :(1 _p>n Z[:CZZ] E(Ga :L‘p/(l - p)> 1> 2, z)

Proof. Substitution of the variables in the definition of the general domination polynomial
yields

(1= )" B(Gsp/ (1= p), 1,2,2) =(1 = p)" 3 (p/(1 = p)) W Iz50(G0D+e(C0V)
wWcv

= 3 pWI(1 - p)rIWIHEWD,
wWcv

The coefficient of z!' yields the desired polynomial. The proof of the second equation is
analogous. O

As a result of the connection of E(G;x,y, z,w) to the trivariate domination polynomial
all results from Section 5.5.1 are valid for the general domination polynomial. The already
known results can be found in the following list:

e The order of the graph: |V(G)| = deg, E(G;v,1,z,z) [TAM11].

e The size of the graph: |E(G)| = [v?z] E(G;v, 1, z,x) [TAMI11].

e The number of the components: k(G) = deg, (v/V @I E(G;v,1,2,z)) [TAMI11].

e The size of the components (see Theorem 5.41).

e The independence number: a(G) = deg, E(G;v, 1, z,z) [TAM11].

e The number of isolated vertices (see Theorem 5.41).

e The degree generating function (see Theorem 5.41).

e The number of induced Cy and Py if the graph is a k-regular bipartite graph [LH13].

For some special graph classes, it is possible to prove explicit equations with respect to the
number of vertices of the graph. Every vertex subset of size k in the edgeless graph E,, yields
the term x*2* and therefore

E(En;2,y, 2,w) = (1 + z2)".
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In the complete graph every vertex subset of size greater or equal two has exactly one
covered component and the remaining vertices are in the neighborhood of this vertex subset.
If the vertex subset is of size one, then it is an isolated vertex and again all other n —1 vertices
are in the neighborhood. This yields

E(Kn;x,y, z,w) =y "w((1 +z/y)" —nz/y — 1) + nxy™ 1tz + 1.

Let now G = (V1 U V4, E) be a complete bipartite graph, |Vi| = m and |V2| = n. If at least
one vertex of V5 and no vertex of V; is chosen, then all vertices of V7 are dominated. This
yields the term y™((1 + xz)" — 1). The same argumentation holds if at least one vertex of
V1 and no vertex of V5 is chosen. If from both of the two sets at least one vertex is chosen,
then this vertex subset is connected and all vertices that are not in this subset are dominated.
Hence, we obtain

B @, 2,w) =y" (1 +22)™ = 1) + wy™(L+2/y)" = (L +2/y)" ~ 1)
+y"(1+z2)" —1)+ 1.

Distinguishing Non-Isomorphic Graphs

The two non-isomorphic graphs in Figure (5.6) have the same general domination polynomial
and moreover, they are the smallest pair of non-isomorphic graphs with the same general domi-
nation polynomial. The pair is also an example for two non-isomorphic graphs with different
Tutte polynomials but equal subgraph component polynomials. Liao and Hou [LH13] showed
that the subgraph component polynomial cannot distinguish between some non-isomorphic
graphs that can be distinguished by the characteristic polynomial, the matching polynomial
and the Tutte polynomial (see Figure 8.1). Nevertheless, these special graphs G and Gg are
distinguishable by the general domination polynomial.

<P <

Fig. 8.1: The graphs Fs and Fj .

Let F,, be the fan graph and F} arises from F}, by adding a new vertex v and edges between
v and a degree-two vertex and its adjacent degree-three vertex of the fan (Figure 8.2).

> <P

Fig. 8.2: The graphs Fs and Fj .
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Theorem 8.5. [LH13] Let T(G,x) be the Tutte polynomial of the graph G. Then for n > 5

T(F,,z) = T(F! ,,x) and
Q(an v, JZ‘) 7& Q(F;;l? v, .’E)
The last theorem together with Theorem 8.2 yields (for n > 5)

E(Fn;z,y,z,w) # B(F,_;2,y, 2, w).

8.2 The General Bipartition Polynomial and the Most General
Domination Polynomial

In this section we introduce two possible generalizations, one of the general domination poly-

nomial and one of the bipartition polynomial. The first generalization yields a connection

between the bipartition polynomial and the trivariate domination polynomial. We call it the
general bipartition polynomial E.

Definition 8.6. Let G = (V,E) be a graph. Then the general bipartition polynomial is

defined by
E(G;w,z,y,2) = Z 2IWliso(GIW]) Z yNevry (W)IIF]
wcCcv FCoW

The connection of the general bipartition polynomial to the bipartition polynomial and the
trivariate domination polynomial follows immediately from the definition:

B(G;z,y, 2)
Y(G;z,y, 2)

= E(G; 1,2,y,2),
= E(G;z,2,1 —y,—1).

The most general domination polynomial generalizes all domination-related graph polyno-
mials investigated in this thesis.

Definition 8.7. Let G = (V, E) be a graph. Then the most general domination polynomial
1s defined by

B(Gvw,a,y,2) = 3 alWlhyel@WDyiseGV) 5™ INwr (W1
wWCvV FCSW

One can eagily see the connection to the general bipartition polynomial and the general
domination polynomial. One possible direction of further research is to investigate the con-
nections of the general bipartition polynomial and the most general domination polynomial
to other known graph polynomials. It also remains to prove recurrence equations of these
polynomials.
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9 Conclusions and Open Problems

In this thesis several theorems for different graph polynomials are proved. The main results
deal with the domination-related polynomials, especially proofs of recurrence equations, dif-
ferent representations and the calculation in special graph classes. We also defined some new
counting polynomials, like the connected domination polynomial. Furthermore, one main
result of the thesis is the definition of the trivariate domination polynomial and the proofs
of some properties of this polynomial. Moreover, several results about the calculation of
the graph polynomials in product graphs are proved. We also showed the connection of the
studied counting polynomials to the corresponding reliability polynomials.

The two generalizations expatiated in this thesis (the bipartition polynomial and the trivari-
ate domination polynomial) have many nice properties and connections to other graph poly-
nomials. Figure 9.1 shows the connection between different graph polynomials. This figure
is an extension of the “graph of graph polynomials” presented by M. Trinks |Tril2al. In his
thesis one can find more information and properties of the polynomials in the figure. The
arrows in this figure illustrate the connection between the graph polynomials. In the case of
a dashed arrow, the connection exists only for some special graph classes.

Open Problems

In this thesis we proved some results for the different polynomials, but there are a lot of open
questions. In the following a selection of these problems is given.

For the independent domination polynomial of the tensor product of two paths only the
combinations P, X P» and P, X P3 are known (see Section 4.3.2). Is there a way to generalize
these results to P, x P, m > 4, or to prove the given results in an easier way? Concerning the
Cartesian product the question arises, whether is it possible to find a faster way to calculate
the (independent/total/connected) domination polynomial of the product GOH?

In fact, little is known about the domination related graph polynomials of strong products.
Can the known results for this product be extended to GX P,, or G X C,,?

The domination polynomial can be calculated with the essential sets of a graph (i-essential
sets for the independent domination polynomial and t-essential sets for the total domination
polynomial). This leads directly to the next question.

Problem 9.1. How many essential, t-essential and i-essential sets does a given graph have?
Is it possible to prove upper and lower bounds for these numbers?

In Section 5.5.1, some connections from the trivariate domination polynomial to other graph
polynomials and some encoded graph invariants are shown. But it seems that the trivariate
domination polynomial has some more connections, especially to other neighborhood related
polynomials.

Problem 9.2.

1. Are there (more) connections between the trivariate domination polynomial and non-
neighborhood related polynomials?
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2. Are there more graph invariants encoded in the trivariate domination polynomial?
In Section 5.5.4 some Y-unique graph classes are shown. This leads to the following problem.

Problem 9.3. Are there more graph classes which can be distinguished by the trivariate
domination polynomial?

Some interesting open questions remain for future research with respect to the bipartition
polynomial. One interesting question is, whether the bipartition polynomial has more con-
nections to non-domination-related graph polynomials. Especially, is there any connection to
coloring-related polynomials, like the chromatic polynomial or the Tutte polynomial?

The bipartition polynomial distinguishes non-isomorphic graphs quite well. However, it
seems to be difficult to characterize non-isomorphic graphs that have the same bipartition
polynomial.

Problem 9.4. Which properties of two non-isomorphic graphs cannot be distinguished by the
bipartition polynomial?

It might be of interest for further research to study the domination problems in hypergraphs.
We assume that the definition of the bipartition polynomial and the trivariate domination
polynomial can be easily extended to hypergraphs. But especially for the independent or the
total domination polynomial careful considerations will be necessary.
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Fig. 9.1: Graph of graph polynomials.
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Notation
Symbol Description Def. Page
N(v) Open neighborhood of the vertex v 2 17
N v] Closed neighborhood of the vertex v 2 17
N(W) Open neighborhood of the vertex subset W C V 2 17
NY W) Total open neighborhood of the vertex subset W CV 2 17
N[W] Closed neighborhood of the vertex subset W C V/ 2 17
PN(u,U) Set of the private neighbors of uw with respect to the 2 17
vertex subset U
degq(v) Degree of the vertex v 2 17
(@) Minimum degree of G 2 17
A(G) Maximum degree of G 2 17
tdeg;(Q) Number of vertices with degree i of G 2 17
G The complement of G 2 17
L(G) The line graph of G 2 17
G(F) Spanning subgraph (F' C E) 2.3 18
G[U] Induced subgraph (U C V) 24 18
EU) Set of edges which are completely inside U (U C V) 2.4 18
G|[F] Edge-induced subgraph (F' C E) 2.6 18
k(G) Number of components of G 2.7 18
c(Q) Number of covered components of G 2.7 18
iso(Q) Number of isolated vertices of G 2.7 18
Comp(G) Set of covered components of G 2.7 18
Ag The type of G 2.8 18
a(G) Independence number of G 2 18
w(G) Clique number of G 2 18
(G1,G2,X) Splitting of G 2.10 19
G—-v Deletion of the vertex v 2.1 19
G/v Neighborhood completion of the vertex v and deletion 2.1 19
of v
Gov Removal of all edges between vertices of N(v) 2.1 19
Gov Graph (GOwv) —v 2.1 19
Gow Removal of v and adding loops to all neighbors of v 2.1 19
G-X Removal of all vertices in X 2.1 19
G\z X Fusion of the vertex subset X (the new vertex is labeled 2.1 19
with x).
G>oX Fusion of the vertex subset X and adding a new vertex 2.1 19
which is adjacent to the fused one.
G+{v,-} Adding a new adjacent vertex to v 2.1 19
G+{X, }u Adding a new vertex u and edges joining all vertices of 2.1 19
X with u.

G-—e Deletion of the edge e 2.1 19
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Symbol

Q
&

~ e U=
Qa
EE

—~

G, )
(G, 2)

IIHI O™

DRel(G, p)
EDRel(G, A, p)
7i(G)
d(G)
exp(G,r)
Ess;i(Q)
Cen,,
DRel;(G, p)
di(G)
£(C)
Dt(G, SU)
Con(G)

Description

Contraction of the edge e

Extraction of the edge e = {u,v} (G —u —v)
Complete graph with n vertices

Edgeless graph with n vertices

Simple k-bounded complete graph.

Type of the simple k-bounded complete graph Kﬁ
Complete bipartite graph

k-bounded bipartite graph

(n, k)-star

Simple k-path with n vertices

k-cycle with n vertices

The Cartesian product of G and H

The tensor product of G and H

The lexicographic product of G and H

The strong product of G and H

The union of G and H

The join of G and H

Fan with n vertices

Wheel with n vertices

Star with n vertices

Corona graph of G and H

Chromatic polynomial of G

Domination polynomial of G

Vertex-cover polynomial of G

Independence polynomial of G

Edge-cover polynomial of G

Subgraph component polynomial of G

Rank polynomial of G

Tutte polynomial of G

Residual network reliability of G

k-residual network reliability of G
Domination number of G

The neighborhood polynomial

Domination reliability polynomial of G

Edge failure domination reliability polynomial of G
Independent dominating number of G
Number of independent dominating sets of size k
The independent domination polynomial of G
R-expansion of G

Set of the i-essential sets of G

The centipede with 2n vertices.

Independent domination reliability polynomial of G
Number of the total dominating sets of G
Number of total dominating sets of size k
The total domination polynomial of G

Set of all vertex-induced conformal subgraphs

Def.
2.1
2.1
2.2
2.2
2.14
2.14
2.2
2.15
2.19

2.24

2.25
2.27
2.29
2.31
2.33
2.3

2.35
2.36
2.36
2.36
2.37
2.40
241
2.42
2.43
2.45
2.46
2.47
2.48
2.50
2.50

3.2
3.3
3.32

4.1
4.1
4.6
4.13
441
4.64

5.2
0.2

Page

67
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Symbol Description

Ess(G) Family of t-essential sets of G

DRel;(G, p) The total domination reliability polynomial of G
Y(G;z,y, 2) The trivariate domination polynomial of G

Ye(G) The connected domination number of G

I(G) The maximum leaf number

di.(G) Number of connected dominating sets of size k
D.(G,x) The connected domination polynomial of G

DRel.(G, p) The connected domination reliability polynomial of G
B(G;z,y, z) The bipartition polynomial of G

(G, x) The matching polynomial of G

J(G;x,y) The extended cut polynomial of G.

Z(G;x,y) The Ising polynomial of G

Sk(G) Star-hedgehog obtained from G

Piso (G, p) Probability that the probabilistic graph G has no iso-

lated vertex
E(G;z,y,z,w) The general domination polynomial of G
E(G;w,z,y,z) The general bipartition polynomial of G
E(G;v,w,x,y, 2The most general domination polynomial of G

Def.
5.10
5.32
5.36
6.2
6.3
6.5
6.5
6.56
7.1
7.15
7.1
7.1
7.2.2
7.35

8.1
8.6
8.7

Page
70
77
78
91
91
91
91

104
107
113
114
115
118
121

123
126
126






135

Bibliography

[Aig07]

[AAP10]

[AO09]
[AO13]
[Ala+11]
[Ali12]

[AP09a]

[AT10]

[AP09D]

[AWF02]

[ACP87]

[ALOO]

[AB09)

[AA11]

[Avel0]

Martin Aigner. A course in enumeration. Vol. 238. Springer Science & Business
Media, 2007.

Saieed Akbari, Saeid Alikhani, and Yee-hock Peng. “Characterization of graphs
using domination polynomials”. In: European Journal of Combinatorics 31.7
(2010), pp. 1714-1724.

Saieed Akbari and Mohammad Reza Oboudi. “Cycles are determined by their
domination polynomials”. In: arXiv preprint arXiv:0908.3505 (2009).

Saieed Akbari and Mohammad Reza Oboudi. “On the edge cover polynomial of
a graph”. In: European Journal of Combinatorics 34.2 (2013), pp. 297-321.

Samu Alanko et al. “Computing the domination number of grid graphs”. In: The
electronic journal of combinatorics 18.P141 (2011), p. 1.

Saeid Alikhani. “The Domination Polynomial of a Graph at 17. In: Graphs and
Combinatorics (2012), pp. 1-7.

Saeid Alikhani and Yee-Hock Peng. “Dominating sets and domination polynomi-
als of paths”. In: International journal of Mathematics and Mathematical sciences
2009 (2009).

Saeid Alikhani and Hamzeh Torabi. “On the Domination Polynomials of Com-
plete Partite Graphs”. In: World Applied Sciences Journal 9.1 (2010), pp. 23—
24.

Saeid Alikhania and Yee-hock Peng. “Introduction to Domination Polynomial of
a Graph”. In: (2009).

Khaled M Alzoubi, Peng-Jun Wan, and Ophir Frieder. “Distributed heuristics
for connected dominating sets in wireless ad hoc networks”. In: Journal of Com-
munications and Networks 4.1 (2002), pp. 22-29.

Stefan Arnborg, Derek G Corneil, and Andrzej Proskurowski. “Complexity of
finding embeddings in ak-tree”. In: STAM Journal on Algebraic Discrete Methods
8.2 (1987), pp. 277-284.

Jorge L. Arocha and Bernardo Llano. “Mean value for the matching and domi-
nating polynomial”. In: Discussiones Mathematicae Graph Theory 20.1 (2000),
pp. o7-70.

Sanjeev Arora and Boaz Barak. Computational complexity: a modern approach.
Cambridge University Press, 2009.

Bahman Askari and Mehdi Alaeiyan. “The vertex domination polynomial and
edge domination polynomial of a graph”. In: Acta Universitatis Apulensis 28
(2011), pp. 157-162.

Ilia Averbouch. “Completeness and Universality Properties of Graph Invariants
and Graph Polynomials”. PhD thesis. Israel Institute of Technology, 2010.



136

Bibliography

[AGMOS]

[BTT05]
[BT12|
[Bie07]
[Bir12]

[Bod+10a]

[BKO5]

[BKW04]

[Bod +10b)

[BJ82

[BIKO5]

[BCS09]

[BDN0O]

[BHNO4|

[BNOS]

[BW97]

[Cha98|

Ilia Averbouch, Benny Godlin, and Johann A Makowsky. “A most general edge
elimination polynomial”. In: Graph- Theoretic Concepts in Computer Science.
Springer, 2008, pp. 31-42.

Gabor Bacso, Attila Télos, and Zsolt Tuza. “Graph Domination in Distance
Two”. In: Discussiones Mathematicae Graph Theory 25.1-2 (2005), p. 121.

Frank Beichelt and Peter Tittmann. Reliability and maintenance: networks and
systems. CRC Press, 2012.

Mathias Biermann. “Erkennen von Graphenklassen mittels lexikographischer
Breitensuche”. diploma thesis. FernUniversitat Hagen, 2007.

George D Birkhoff. “A determinant formula for the number of ways of coloring
a map”. In: The Annals of Mathematics 14.1/4 (1912), pp. 42-46.

Hans Bodlaender et al. “Faster Algorithms on Branch and Clique Decomposi-
tions”. In: Mathematical Foundations of Computer Science 2010. Vol. 6281. Lec-
ture Notes in Computer Science. Springer Berlin / Heidelberg, 2010, pp. 174-
185.

Hans L Bodlaender and Arie MCA Koster. “On the Maximum Cardinality Search
lower bound for treewidth”. In: Graph-Theoretic Concepts in Computer Science.
Springer, 2005, pp. 81-92.

Hans L Bodlaender, Arie MCA Koster, and Thomas Wolle. Contraction and
treewidth lower bounds. Springer, 2004.

Hans L. Bodlaender et al. “Faster algorithms on branch and clique decomposi-
tions”. In: Mathematical Foundations of Computer Science 2010 (2010), pp. 174—
185.

Kellogg S. Booth and J. Howard Johnson. “Dominating Sets in Chordal Graphs”.
In: SIAM Journal on Computing 11.1 (1982), pp. 191-199.

Bostjan Bresar, Wilfried Imrich, and Sandi Klavzar. “Reconstructing subgraph-
counting graph polynomials of increasing families of graphs”. In: Discrete math-
ematics 297.1 (2005), pp. 159-166.

Andries E Brouwer, Peter Csorba, and Alexander Schrijver. “The number of
dominating sets of a finite graph is odd”. 2009.

Jason I Brown, Karl Dilcher, and Richard J Nowakowski. “Roots of independence
polynomials of well covered graphs”. In: Journal of Algebraic Combinatorics 11.3
(2000), pp. 197-210.

Jason I Brown, CA Hickman, and Richard J Nowakowski. “On the location of
roots of independence polynomials”. In: Journal of Algebraic Combinatorics 19.3
(2004), pp. 273-282.

Jason I Brown and Richard J Nowakowski. “The neighbourhood polynomial of
a graph”. In: AUSTRALASIAN JOURNAL OF COMBINATORICS 42 (2008),
pp. 95-68.

Alexander Burstein and Herbert S Wilf. “On cyclic strings without long constant
blocks”. In: FIBONACCI QUARTERLY 35 (1997), pp. 240-247.

MawShang Chang. “Efficient Algorithms for the Domination Problems on Inter-
val and Circular-Arc Graphs”. In: STAM J. Comput 27 (1998), pp. 1671-1694.



Bibliography

137

[Che+12]
[CDHS0]
[CS90]
[Cor91]

[CMRO1]

[Csill]
|Csi13]

[Die00]
[Dod14a

[Dod14b]
[Dod14c]

[DT15]

[Dod+15]

[DPTO03]

[DT12]
[DKTO5)
[Don-+02]
[DF12]

[EZGKOS]

Mustapha Chellali et al. “k-Domination and k-Independence in Graphs: A Sur-
vey”. In: Graph. Comb. 28.1 (2012), pp. 1-55.

Ernest J Cockayne, RM Dawes, and Stephen T Hedetniemi. “Total domination
in graphs”. In: Networks 10.103 (1980), pp. 211-219.

Derek G Corneil and Lorna K. Stewart. “Dominating sets in perfect graphs”. In:
Discrete Mathematics 86.1 (1990), pp. 145-164.

Margaret Cortes. “Independence domination numbers of complete grid graphs”.
MA thesis. University of Colorado, Denver, 1991.

Bruno Courcelle, Johann A Makowsky, and Udi Rotics. “On the fixed parameter
complexity of graph enumeration problems definable in monadic second-order
logic”. In: Discrete Applied Mathematics 108.1 (2001), pp. 23-52.

Péter Csikvari. “Graph Polynomials and Graph Transformations in Algebraic
Graph Theory”. PhD thesis. Eétvos Lorand University, 2011.

Péter Csikvari. “Note on the Smallest Root of the Independence Polynomial”.
In: Combinatorics, Probability & Computing 22.1 (2013), pp. 1-8.

Reinhard Diestel. Graph Theory. Vol. 173. 2000.

Markus Dod. “Graph products of the trivariate total domination polynomial and
related polynomials”. 2014.

Markus Dod. “The Independent Domination Polynomial”. 2014.

Markus Dod. “The Total Domination Polynomial”. In: Congressus Numerantium
219 (2014), pp. 207-226.

Markus Dod and Peter Tittmann. “Isolated Vertices in Random Graphs”. In: Sci-
entific Reports. E-Mobility and Reliability in Communication Networks. Vol. 1.
Journal of the University of Applied Sciences Mittweida, 2015.

Markus Dod et al. “Bipartition Polynomials, the Ising Model, and Domination in
Graphs”. In: Discussiones Mathematicae Graph Theory 35.2 (2015), pp. 335-353.

Klaus Dohmen, André Ponitz, and Peter Tittmann. “A new two-variable gener-
alization of the chromatic polynomial”. In: Discrete Mathematics & Theoretical
Computer Science 6.1 (2003), pp. 69-90.

Klaus Dohmen and Peter Tittmann. “Domination Reliability”. In: The Electronic
Journal of Combinatorics 19 (2012), P15.

Feng Ming Dong, K Khee Meng Koh, and Kok-Lai Teo. Chromatic polynomials
and chromaticity of graphs. World Scientific, 2005.

Feng Ming Dong et al. “The vertex-cover polynomial of a graph”. In: Discrete
Mathematics 250.173 (2002), pp. 71-78.

Rodney G Downey and Michael R Fellows. “Fundamentals of Parameterized com-
plexity”. In: Undegraduate Texts in Computer Science, Springer-Verlag (2012).

Mohamed El-Zahar, Sylvain Gravier, and Antoaneta Klobucar. “On the total
domination number of cross products of graphs”. In: Discrete Mathematics 308.10
(2008), pp. 2025-2029.



138 Bibliography

[EMM11a] Joanna A Ellis-Monaghan and Criel Merino. “Graph polynomials and their appli-
cations I: The Tutte polynomial”. In: Structural Analysis of Compler Networks.
Springer, 2011, pp. 219-255.

[EMM11b| Joanna A Ellis-Monaghan and Criel Merino. “Graph polynomials and their appli-
cations II: Interrelations and interpretations”. In: Structural Analysis of Complex
Networks. Springer, 2011, pp. 257-292.

[FGO6] Jorg Flum and Martin Grohe. Parameterized complexity theory. Vol. 3. Springer
Heidelberg, 2006.

[FGO4] Jorg Flum and Martin Grohe. “The parameterized complexity of counting prob-
lems”. In: SIAM Journal on Computing 33.4 (2004), pp. 892-922.

[FGKO08] Fedor V Fomin, Fabrizio Grandoni, and Dieter Kratsch. “Solving connected do-
minating set faster than 2 n”. In: Algorithmica 52.2 (2008), pp. 153-166.

[FH70] Roberto Frucht and Frank Harary. “On the corona of two graphs”. In: aequationes
mathematicae 4.3 (1970), pp. 322-325.

[GJ79] Michael R. Garey and David S. Johnson. Computers and Intractability: A Guide
to the Theory of NP-completeness. WH Freeman and Company, New York, 1979.

[GKLO6] Serge Gaspers, Dieter Kratsch, and Mathieu Liedloff. “Exponential time algo-
rithms for the minimum dominating set problem on some graph classes”. In:
Algorithm Theory-SWAT 2006 (2006), pp. 148-159.

[GCJ11] Carmelito E. Go and Sergio R. Canoy Jr. “Domination in the Corona and Join
of Graphs”. In: International Mathematical Forum. Vol. 6. 16. 2011, pp. 763-771.

[GHO2] Wayne Goddard and Michael A Henning. “Domination in planar graphs with
small diameter”. In: Journal of Graph Theory 40.1 (2002), pp. 1-25.

[GH13| Wayne Goddard and Michael A Henning. “Independent domination in graphs: A
survey and recent results”. In: Discrete Mathematics 313.7 (2013), pp. 839 —854.

[GHM14]  Wayne Goddard, Michael A Henning, and Charles A McPillan. “Semitotal Do-
mination in Graphs”. In: Utilitas Mathematica 94 (2014), pp. 67-81.

[GGO1] Christopher David Godsil and Royle Gordon. Algebraic graph theory. volume 207
of Graduate Texts in Mathematics. Springer-Verlag, New York, 2001.

|Gra06] Fabrizio Grandoni. “A note on the complexity of minimum dominating set”. In:
Journal of Discrete Algorithms 4.2 (2006), pp. 209-214.

|Gra02] Sylvain Gravier. “Total domination number of grid graphs”. In: Discrete applied
mathematics 121.1 (2002), pp. 119-128.

|GK95] Sylvain Gravier and Abdelkader Khelladi. “On the domination number of cross
products of graphs”. In: Discrete mathematics 145.1 (1995), pp. 273-277.

|GY04] Jonathan L Gross and Jay Yellen. Handbook of graph theory. CRC press, 2004.

[GK98| Sudipto Guha and Samir Khuller. “Approximation algorithms for connected do-
minating sets”. In: Algorithmica 20.4 (1998), pp. 374-387.

[Gur03] Frank Gurski. “Effiziente Algorithmen fiir baumstrukturierte Graphklassen”. PhD
thesis. Universitit Diisseldorf, 2003.

|GH83] Ivan Gutman and Frank Harary. “Generalizations of the matching polynomial”.

In: Utilitas Mathematica 24.1 (1983), pp. 97-106.



Bibliography 139

[HIK11] Richard Hammack, Wilfried Imrich, and Sandi Klavzar. Handbook of product
graphs. CRC press, 2011.

[Har69| Frank Harary. Graph theory. Addison-Wesley, Reading, MA, 1969.

[Har59| Frank Harary. “On the group of the composition of two graphs”. In: Duke Math-
ematical Journal 26.1 (1959), pp. 29-34.

[HHS98a]  Teresa W Haynes, Stephen T Hedetniemi, and Peter J Slater. Domination in
graphs: advanced topics. Marcel Dekker, 1998.

|[HHS98b|  Teresa W Haynes, Stephen T Hedetniemi, and Peter J Slater. Fundamentals of
domination in graphs. CRC Press, 1998.

[Hel2] Jing S He. “Connected dominating set based topology control in wireless sensor
networks”. PhD thesis. Georgia State University, 2012. URL: http://scholarworks.
gsu.edu/cs_diss/70.

[HL84] Stephen T Hedetniemi and Renu Laskar. “Connected domination in graphs”. In:
Graph Theory and Combinatorics 18 (1984), pp. 209-217.

[Hen09] Michael A. Henning. “A survey of selected recent results on total domination in
graphs”. In: Discrete Mathematics 309 (2009), pp. 32-63.

[HRO5] Michael A Henning and Douglas F Rall. “On the total domination number of
Cartesian products of graphs”. In: Graphs and Combinatorics 21.1 (2005), pp. 63—
69.

[HL94| Cornelis Hoede and Xueliang Li. “Clique polynomials and independent set poly-

nomials of graphs”. In: Discrete Mathematics 125.1 (1994), pp. 219-228.

|[Kar+12]  Hosein Karami et al. “Connected domination number of a graph and its comple-
ment”. In: Graphs and Combinatorics 28.1 (2012), pp. 123-131.

|Kas61] Pieter W Kasteleyn. “The statistics of dimers on a lattice: I. the number of dimer
arrangements on a quadratic lattice”. In: Physica 27.12 (1961), pp. 1209-1225.

[Klo99a] Antoaneta Klobucar. “Domination numbers of cardinal products”. In: Mathemat-
ica Slovaca 49.4 (1999), pp. 387-402.

|K1099b] Antoaneta Klobuc¢ar. “Domination numbers of cardinal products P__6x P_n”.

In: Mathematical Communications 4.2 (1999), pp. 241-250.

[Klo05] Antoaneta Klobucar. “Independent sets and independent dominating sets in the
strong product of paths and cycles”. In: Mathematical Communications 10.1
(2005), pp. 23-30.

[Klo04] Antoaneta Klobucar. “Total domination numbers of cartesian products”. In:
Mathematical Communications 9.1 (2004), pp. 35—44.

|K6n36| Dénes Konig. “Theorie der endlichen und unendlichen Graphen”. In: Akademische
Verlagsgeselschaft, Leipzig (1936).

| Kot12] Tomer Kotek. “Definability of combinatorial functions”. PhD thesis. Technion-
Israel Institute of Technology, Faculty of Computer Science, 2012.

[Kot13] Tomer Kotek. “The bivariate domination polynomial”. 2013.

[KPT14] Tomer Kotek, James Preen, and Peter Tittmann. “Domination Polynomials of
Graph Products”. In: (2014).


http://scholarworks.gsu.edu/cs_diss/70
http://scholarworks.gsu.edu/cs_diss/70

140 Bibliography

[KPT13] Tomer Kotek, James Preen, and Peter Tittmann. “Subset-Sum Representations
of Domination Polynomials”. In: Graphs and Combinatorics (2013), pp. 1-14.
URL: http://dx.doi.org/10.1007/s00373-013-1286-z.

|[Kot+12]  Tomer Kotek et al. “Recurrence relations and splitting formulas for the domi-
nation polynomial”. In: The FElectronic Journal of Combinatorics 19.3 (2012),
p- 47.

|Lem05] Magdalena Lemanska. “Domination Numbers in Graphs with Removed Edge or

Set of Edges”. In: Discussiones Mathematicae Graph Theory 25.1-2 (2005), p. 51.
DOI: 10.7151/dmgt .1259. URL: http://dx.doi.org/10.7151/dmgt .1259.

[LMO5] Vadim E Levit and Eugen Mandrescu. “The independence polynomial of a graph-
a survey”. In: Proceedings of the 1st International Conference on Algebraic In-
formatics. 2005, pp. 233-254.

[LMN14] Bi Li, Fatima Zahra Moataz, and Nicolas Nisse. “Minimum Size Tree-Decompositions”.
In: 9th International colloquium on graph theory and combinatorics (ICGT).
2014.

|[LG95] Xueliang Li and Ivan Gutman. “A unified approach to the first derivatives of
graph polynomials”. In: Discrete Applied Mathematics 58.3 (1995), pp. 293-297.

[LST14] Xueliang Li, Yongtang Shi, and Martin Trinks. “Polynomial reconstruction of
the matching polynomial”. In: arXiv preprint arXiv:1404.3469 (2014).

[Li10] Zhanlan Li. “On the Reliability of Unicyclic Networks with Vertex Failure”.
In: International Conference on Computational Intelligence and Security (CIS)
2010. IEEE. 2010, pp. 501-505.

[LH13| Yunhua Liao and Yaoping Hou. “Note on the subgraph component polynomial”.
In: arXiv preprint arXiv:1311.6856 (2013).

[LS90] Marilynn Livingston and Quentin F Stout. Perfect dominating sets. Citeseer,
1990.

[Mak07] Johann A Makowsky. “From a zoo to a zoology: Towards a general theory of
graph polynomials”. In: Theory of Computing Systems (2007), p. 200.

[MJP06] Lilian Markenzon, Claudia Marcela Justel, and Newton Paciornik. “Subclasses
of k-trees: Characterization and recognition”. In: Discrete Applied Mathematics
154.5 (2006), pp. 818 —825.

[Mar14] Klas Markstrom. “The general graph homomorphism polynomial: Its relation-
ship with other graph polynomials and partition functions”. In: arXiv preprint
arXiv:1401.6335 (2014).

[Mos93] W. Moser. “Cyclic binary strings without long runs of like (alternating) bits”. In:
Fibonacci Quart 31 (1993), pp. 2-6.

|INPO4| Stavros D Nikolopoulos and Leonidas Palios. “Hole and antihole detection in
graphs”. In: Proceedings of the fifteenth annual ACM-SIAM symposium on Dis-
crete algorithms. SODA ’04. New Orleans, Louisiana: Society for Industrial and
Applied Mathematics, 2004, pp. 850-859.

[NR96| Richard J Nowakowski and Douglas F Rall. “Associative graph products and
their independence, domination and coloring numbers”. In: Discussiones Mathe-
maticae Graph Theory 16.1 (1996), pp. 53-79.


http://dx.doi.org/10.1007/s00373-013-1286-z
http://dx.doi.org/10.7151/dmgt.1259
http://dx.doi.org/10.7151/dmgt.1259

Bibliography

141

|OEI14]

[0S06]

[PLHS3]

[Plu06]

[Racll]

[Rea68]

[Ree96]

[Rid+01]
[RSS6]
[Rool1]
[Sab59]
[SW79)

[SchO6]

[SS12]

[Sta99]
[Szy02]

[TAMI1]

OEIS Foundation Inc. The On-Line Encyclopedia of Integer Sequences. 2014.
URL: http://oeis.org.

Sang il Oum and Paul Seymour. “ Approximating clique-width and branch-width”.
In: JOURNAL OF COMBINATORIAL THEORY, SERIES B 96 (2006), pp. 514—
528.

J Pfaff, Renu Laskar, and Stephen T Hedetniemi. “NP-completeness of total and
connected domination, and irredundance for bipartite graphs”. In: Tech Report
428 (1983).

Michael D. Plummer. “Some recent results on domination in graphs”. In: Dis-
cussiones Mathematicae Graph Theory 26.3 (2006), p. 457. DOI: 10.7151/dmgt .
1338. URL: http://dx.doi.org/10.7151/dmgt . 1338.

Joanna Raczek. “Graphs with equal domination and 2-distance domination num-
bers”. In: Discussiones Mathematicae Graph Theory 31.2 (2011), p. 375. DOI:
10.7151/dmgt . 15652. URL: http://dx.doi.org/10.7151/dmgt .1552.

Ronald C Read. “An introduction to chromatic polynomials”. In: Journal of
Combinatorial Theory 4.1 (1968), pp. 52-T71.

Bruce Reed. “Paths, Stars and the Number Three”. In: Combinatorics, Probability
and Computing 5.03 (1996), pp. 277-295. DOI: 10.1017/50963548300002042.
URL: http://dx.doi.org/10.1017/S0963548300002042.

H. N. de Ridder et al. Information System on Graph Classes and their Inclusions
(ISGCI). 2001-2015. URL: http://www.graphclasses.org.

Neil Robertson and Paul D Seymour. “Graph minors. II. Algorithmic aspects of
tree-width”. In: Journal of algorithms 7.3 (1986), pp. 309-322.

Johan M.M. van Rooij. “Exact exponential-time algorithms for domination prob-
lems in graphs”. PhD thesis. 2011.

Gert Sabidussi. “Graph multiplication”. In: Mathematische Zeitschrift 72.1 (1959),
pp. 446—457.

E Sampathkumar and Hanumappa B Walikar. “The connected domination num-
ber of a graph”. In: J. Math. Phys. Sci 13.6 (1979), pp. 607-613.

Werner Schafhauser. “New heuristic methods for tree decompositions and gen-
eralized hypertree decompositions”. MA thesis. Institut fiir Informationssysteme
der Technischen Universitdt Wien, 2006.

Oliver Schaudt and Rainer Schrader. “The complexity of connected dominating
sets and total dominating sets with specified induced subgraphs”. In: Information
Processing Letters (2012).

Richard P. Stanley. Enumerative Combinatorics. Vol. 2. Cambridge University
Press, 1999.

Thomas Szymczak. “Domination Problems on Special Graph Classes”. PhD the-
sis. Universitdt Rostock, Fakultit fiir Ingenieurwissenschaften, Rostock, 2002.

Peter Tittmann, Ilya Averbouch, and Johann A Makowsky. “The enumeration
of vertex induced subgraphs with respect to the number of components”. In:
European Journal of Combinatorics 32.7 (2011), pp. 954-974.


http://oeis.org
http://dx.doi.org/10.7151/dmgt.1338
http://dx.doi.org/10.7151/dmgt.1338
http://dx.doi.org/10.7151/dmgt.1338
http://dx.doi.org/10.7151/dmgt.1552
http://dx.doi.org/10.7151/dmgt.1552
http://dx.doi.org/10.1017/S0963548300002042
http://dx.doi.org/10.1017/S0963548300002042
http://www.graphclasses.org

142 Bibliography

[Tril2a] Martin Trinks. “Graph polynomials and their representations”. PhD thesis. Tech-
nische Universitit Bergakademie Freiberg, 2012.

[Tril2b] Martin Trinks. “Proving properties of the edge elimination polynomial using
equivalent graph polynomials”. In: Congressus Numerantium 211 (2012), pp. 73~
88.

[Tut54] William T Tutte. “A contribution to the theory of chromatic polynomials”. In:
Canad. J. Math 6 (1954), pp. 80-91.

[ Tut67] William T Tutte. “On dichromatic polynomials”. In: Journal of Combinatorial
Theory 2.3 (1967), pp. 301-320.

[VRBOS| Johan MM Van Rooij and Hans L. Bodlaender. “Design by measure and conquer,
a faster exact algorithm for dominating set”. In: arXiv preprint arXiv:0802.2827
(2008).

[VK12a] Ayyakutty Vijayan and S Sanal Kumar. “On Total Domination Sets and Polyno-
mials of Cycles”. In: International Journal of Mathematical Archive 3.4 (2012).

[VK12b] Ayyakutty Vijayan and Sreedharan S Kumar. “On Total Domination Polynomial
of Graphs”. In: Global Journal of Theoretical and Applied Mathematics Sciences
2.2 (2012), pp. 91-97.

[VK12¢] Ayyakutty Vijayan and Sreedharan S Kumar. “On Total Domination Sets and
Polynomials of Paths”. In: International Journal of Mathematics Research 4.4
(2012).

[Viz68] Vadim G Vizing. “Some unsolved problems in graph theory”. In: Russian Math-
ematical Surveys 23.6 (1968), pp. 125-141.

[WX06] Wei Wang and Cheng-Xian Xu. “Note: The T-shape tree is determined by its
Laplacian spectrum”. In: Linear algebra and its applications 419.1 (2006), pp. 78—
81.

[Wei62] Paul M Weichsel. “The Kronecker product of graphs”. In: Proceedings of the
American Mathematical Society 13.1 (1962), pp. 47-52.

[Weia| Eric W. Weisstein. Banana Tree. MathWorld-A Wolfram Web Resource. URL:
http://mathworld.wolfram.com/BananaTree.html.

[Weib] Eric W. Weisstein. Centipede Graph. MathWorld—A Wolfram Web Resource. URL:
http://mathworld.wolfram.com/CentipedeGraph.html.

[Weic] Eric W. Weisstein. Independence Number. MathWorld—A Wolfram Web Resource.
URL: http://mathworld.wolfram.com/IndependenceNumber.html.

[Weid| Eric W. Weisstein. Mazimum Leaf Number. MathWorld-A Wolfram Web Re-
source. URL: http://mathworld.wolfram.com/MaximumLeafNumber.html.

[Wel99| Dominic Welsh. “The tutte polynomial”. In: Random Structures and Algorithms
15.3-4 (1999), pp. 210-228.

[Wes01] Douglas Brent West. Introduction to graph theory. Vol. 2. Prentice hall Upper
Saddle River, 2001.

[WLO09| Y. Wu and Y. Li. “Connected Dominating Sets”. In: Handbook of Ad Hoc and

Sensor Wireless Networks: Architectures, Algorithms and Protocols. Ed. by H.
Liu, Y. W. Leung, and X. Chu. Bentham Science, 2009, pp. 19-39.


http://mathworld.wolfram.com/BananaTree.html
http://mathworld.wolfram.com/CentipedeGraph.html
http://mathworld.wolfram.com/IndependenceNumber.html
http://mathworld.wolfram.com/MaximumLeafNumber.html

Versicherung

Hiermit versichere ich, dass ich die vorliegende Arbeit ohne unzuléssige Hilfe Dritter und ohne
Benutzung anderer als der angegebenen Hilfsmittel angefertigt habe; die aus fremden Quellen
direkt oder indirekt iibernommenen Gedanken sind als solche kenntlich gemacht.

Bei der Auswahl und Auswertung des Materials sowie bei der Herstellung des Manuskripts
habe ich Unterstiitzungsleistungen von folgenden Personen erhalten:

o Prof. Dr. rer. nat. Peter Tittmann
o Prof. Dr. rer. nat. Martin Sonntag

Weitere Personen waren an der Abfassung der vorliegenden Arbeit nicht beteiligt.

Die Hilfe eines Promotionsberaters habe ich nicht in Anspruch genommen. Weitere Personen
haben von mir keine geldwerten Leistungen fiir Arbeiten erhalten, die nicht als solche kenntlich
gemacht worden sind. Die Arbeit wurde bisher weder im Inland noch im Ausland in gleicher
oder dhnlicher Form einer anderen Priifungsbehérde vorgelegt.

19. Oktober 2015 Markus Dod, M.Sc.



Declaration

I hereby declare that I completed this work without any improper help from a third party
and without using any aids other than those cited. All ideas derived directly or indirectly
from other sources are identified as such.

In the selection and use of materials and in the writing of the manuscript I received support
from the following persons:

o Prof. Dr. rer. nat. Peter Tittmann
o Prof. Dr. rer. nat. Martin Sonntag

Persons other than those above did not contribute to the writing of this thesis.

1 did not seek the help of a professional doctorate-consultant. Only those persons identified
as having done so received any financial payment from me for any work done for me. This
thesis has not previously been published in the same or a similar form in Germany or abroad.

19th October 2015 Markus Dod, M.Sc.



	Introduction
	Own Contributions and Publications
	Organization of this Thesis

	Basics
	Graph Operations
	Graph Classes
	Graph Products
	Graph Polynomials
	Some Arrangements

	The Domination Polynomial
	Graph Products
	Special Graph Classes
	Complete and Nearly Complete Graphs
	Bipartite and Nearly Bipartite Graphs
	Paths and k-Paths
	Cycles and k-Cycles
	Trees

	The Domination Reliability Polynomial

	The Independent Domination Polynomial
	Recurrence Equations
	Non-Isomorphic Graphs
	Graph Products
	Cartesian Product
	Tensor Product
	Lexicographic Product
	Strong Product

	Special Graph Classes
	Trees

	Independent Domination Reliability

	The Total Domination Polynomial
	On the t-Essential Sets of a Graph
	Recurrence Equations
	Special Graph Classes
	Total Domination Reliability Polynomial
	The Trivariate Domination Polynomial
	Encoded Graph Invariants
	Graph Products
	Special Graph Classes
	Y-Unique and Y-Equivalent Graphs


	The Connected Domination Polynomial
	Recurrence Equations and Separating Vertex Sets
	Irrelevant Edges and Vertices
	Special Graph Classes
	Complete and Nearly Complete Graphs
	Complete and Nearly Complete Bipartite Graphs
	Trees, Paths and Cycles
	Some Product Graphs

	Connected Domination Reliability Polynomial

	The Bipartition Polynomial
	Encoded Graph Invariants
	Special Graph Classes
	Complete and Nearly Complete Graphs
	Substitution Graphs

	Counting Bipartite Subgraphs

	Three Possible Generalizations of the Domination Polynomial
	The General Domination Polynomial
	The General Bipartition Polynomial and the Most General Domination Polynomial

	Conclusions and Open Problems

