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1 Metric Spaces

A set of common mathematical objects with equal properties is called a space. The
seasiest” one is the metric space. It belongs to the topological spaces.

Example 1.1 R3 = {x = (z1,25,23)" | x;€R; i=1,23}

* You are surely familiar with this 3-dimensional Euclidian space. It is a set of points
with & components

* The distance between the points x,y € R® is defined by:

d(x,y) =/ (x1 — 11)? + (22 — 12)* + (23 — y3)?

*d is something which can be measured (ruler!) and it is nonnegative. d is equal to
zero if and only if you calculate d(x,z). The distance between x and y is the same as
the distance between 'y and x. Also d satisfies the triangle inequality. ()

* The definition of the distance d gives us the possibility to describe the geometry of
real objects and their position (length, width, height, radius, shape,...).

* In mathematics the function of distance is called the metric or the metric function.
Its definition is not unique. If d satisfies only the properties (x) then d is a metric.

* The metric d defines a topology. That means you can define a special system of open
sets in R3 which is based on the metric function. On this system of open sets you can
do analysis in R3, for example you can define the limit of a sequence of elements of
R3, you can define the continuity of functions, derivatives, integrals,...

Our goal is now to introduce the metrics for common sets of mathematical objects, for
example in sets of functions, sequences, bodies, differential equations,... To get a metric
space the metric function must satisfy the three conditions (). In metric spaces you
can define a topology and do analysis.

1.1 Metric spaces

Definition 1.1 A metric space X is defined to be a nonempty set X together with a
real function d, X xX — R, satisfying 3 conditions:

1. d(x,y) > 0, A dx,y)=0 <= x=y (nonnegativity, nondegeneracy)
2. d(x,y) = d(y,x) vx,y € X (symmetry)

3. d(x,y) < d(x,z) + d(z,y) Vx,y,z € X (triangle inequality)

3



4 KAPITEL 1. METRIC SPACES

d(x,y) is called the distance function or the Metric in X.

Conclusion 1.1 Common triangle inequality

d(x1,%,) < d(x1,X2) + d(x2,%3) + ... +d(Xp-1,%,) VX1,Xa,...X, € X
Conclusion 1.2 |d(x,z) — d(y,z)| < d(x,y) Vx,y,z€X
Proof.

d(x,z)

<dxy)+dly,z) ~ dxz)-d(y z)
d(y,z) <d ) ~ d )

(y,%x) +d(x, 2 (y,2) —d(x,z
Conclusion 1.3 Continuity of the metric
d(x,y) — d(x,y')| < d(x,x) +d(y,y") vx,x,y,y' €X

Proof. .
dx,y) <d(x,x)+dx,y)+dy',y)

dx',y'") < d(x',x) + d(x,y) +d(y,y’)
d(xy') y'
Xl
x d(x,y) Y m

What are some examples of metric spaces in addition to R3?
Example 1.2 X=R:d(x,y)=|x—y| Vx,yeR
Example 1.3 X = R?: d(x,y) = |21 — 31| + |22 — 12| Vx = (12),y = (y2) € R?

In these two examples the triangle inequality is based on the triangle inequality of the
real numbers.

Example 1.4 X=R" or X=C"

a) d(x,y) = max | z; — vy

1<i<n

1/p
b) d(x,y):<2|xi—yi|p) forl1<p< oo
i=1
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Proof. of the triangle inequalities:

a)

lzi —yi| < o — 2]+ |z — il
< 112%}; |z; — 2| + g%?; |zi — il
e mul < e sl e

b) By the Minkowski inequality we get:

n 1/p
d(x,y) = <Z|$i—yi|p>

=1

n 1/]) n 1/p
(Soar) ()
=1 =1

= d(X7 Z) + d(za Y)

IN

Example 1.5 Let X be the set of all sequences of real or complexr numbers
x={z:}2, , y={u}s,.

o] 1/p
0 doey) = (S1n-ul) risp<s
=1 o ~
Vx,y €X with Y |z’ <oo and > |yl < o0
' i=1

=1
b) d(x,y)=sup | z; — yi

Vx,y €X with sup [ z;|< oo and sup |yl< oo

Proof. of the triangle inequalities:
a) By the Minkowski inequality we get:

n 1/p
dxy) = tim zm—yﬂp)
=1

n 1/p n 1/p
< lim (Z | — Zilp) + <Z |2 — yi’p>
i=1 i=1

— d(x,2) + d(z,y)
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This is possible because we get on the same way

n—oo

n 1/p
dy) = lim Z|xi—o+o—yi|p)

=1
n 1/p n 1/p
: p p
< Jlm <ZI|> +<;‘|yir> < 0.
b)
|z — yi |z — zi| + |2 — wil

<
< sup |z; — 2| + sup |2 — vl

K3 K3

sup |v; — y;| < sup |z — 2| +sup |z — i

2 K3 K3

and analogous to a):

d(x,0) 4+ d(0,y)

<
< sup 2] + sup |y;| < oo.
(] (3

Example 1.6 X = Cla,b| : set of all continuous functions f (t) with real or complex
values over [a, b]

df,g) = max | f(t) —g(t)| with f,ge Cla,b

a<t<b

Proof. of the triangle inequality:

£(t) —g®)] < [£@) —h(®)|+ () —g()] V€ [a,0]
< max[f(t) — h(t)] + max [h(t) — g(?)]
max |f —g| < max |f —h|+ max |h g|

t€la,b] t€la,b] t€(a,b]

d(f,g) d(f,h) +d(h,g) Vh(t) € Cla,b]

IN
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f,g,h

Example 1.7 X— set of all continuous functions f (t) with real or complex values over
b

any interval (a,b), such that: [ | £ (t) |’dt < oo.

1/p
(f|f |pdt) vV f,g €X

1<p<o

The triangle inequality can be proven using the MINKOWSKI inequality:

1/p
/ £(t) — g (1) [Pt / F() —h(t) Pt / 'h(t) —g (1) [Pdt

Therefore X is a metric space. Interpretation for p = 1:

b

d(f,g>:/rf<t>—g<t> dt

a

f,g

This is the absolute value of the area between the two functions in the interval |a, b].
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1.2 Fundamentals of Topology

Definition 1.2 Let (X,d) be a metric space, xq € X; The set
K.(x) = {x e X | d(x,x0) < ¢}

15 called an open ball centered at xo with the radius , or is called the e— neighbour-
hood of xy.

Definition 1.3 The proper subset A C X is called open, if
Vxe A Ir>0]| K. (x) C A

Definition 1.4 The proper subset U C X is called the neighbourhood of xq, if it
contains an e—neighbourhood of x.

Now we want to discuss some examples of open balls.

Example 1.8 X =R; d(x,y)=|x—y]|
Open balls are the the open intervalls (xg — ;%o + €).

ya !

AN
|\ ! )

Example 1.9 X =R? x,y € R?, x = (z1,22)", y = (y1, )"
a) d(x,y) = |z1 — y1| + |r2 — v
K.(x0) = {X = (z1,22)" € R? | |21 — 21| + |22 — @02| < 5}

For an interpretation we use the equality |x1 — xo1| + |x2 — xoa| = €. In a first case we
get by applying the definition of the absolute value

T1—To1 T T2 —To2 = €

To = —X + (5 + Z0o1 + 1'02)



1.2. FUNDAMENTALS OF TOPOLOGY

This is a linear equation in x1 and xs.

A

X,
Xyt [,
Xp |~ 7 ‘T +x, ,.:T
| |
| |
| w |
N
‘ | ‘ »

Xo1 - € Xo1 Xt & x,

b) d(x,y) = /(o — 1) + (@2 — 1)’

K5<X0) = {X = (xl,x2)T€ R2 | (l‘l — IL'01)2 + (1'2 — 1'02)2 < 8}

This is the interior of a circle centered at xo with the radius r = €.

Example 1.10 X =Cla,b]; d(f,g) = max |f(t) — g(t)|

a<t<b

K.(fy) = {f(t) € Cla,b] | max |£(t) ~ ()] < g} A — (1) <& Ve [a,b]
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fv) 1 f,0)+ ¢

f,(t)

// o

\

\4

fov)
(on
—

Theorem 1.1 For any (countable) collection {Ax}, X € L of open sets, the union
/\ULAA s open.
€

Proof. Let A be the union A = /\ULA)\ andx € A. ~ TN | x € Ay,
(S
Ay, isanopenset. ~ Ir>0]| K, (x) C Ay, CA. =

Theorem 1.2 For any finite collection {A;};—, of open sets, the intersection 61/11‘ 18
open. B

Proof. Let A be the intersection A = ﬁlAi andxe A~ x€A;;i1=12,..n
1=
% 3T1>O|KT2<X)QAZ, 1=1,2,...n
r= 121j<n r; > 0 because of the finite number of sets.
<i<n

~N K(x)C4;i=12..,n n KX CAmn

Notation 1.1 For any (countable) collection {Ay\}, X\ € L of open sets, the intersec-
tion /\OLA,\ 1s not open in general.
S

Example 1.11 X=R; d(x,y)=|x—y|
Av=(—%1+3); n=12.. = 'aAi = [0; 1] is closed.

Notation 1.2 The metric space X and the empty set @ are open.
(By definition the empty set & fulfills any condition.)

o
Definition 1.5 x( is an interior point of A, i.e. xp € A <= e >0 | K () C A

Notation 1.3 The set A C X is open <= any point of A is an interior point.
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Definition 1.6 The proper subset A C X is called bounded, if A is completely con-
tained within an open ball K, (y), y € X, 0 < r < oc.

Theorem 1.3 For any finite collection {A;}!_, of bounded sets, the union ‘L_TilAi 18
bounded.

Proof. Let A be the union A = 'QJIAZ-. — dneR y, eX|ACK, (y); i=

1,2,...n
a = max d(yi,yi—1) < 0o. We define y = y; and choose any x € A.

Without loss of generality x € A,, implies

d(X, y) = d(X7 yl)

S d(XJ Yn> + d(Yn7 y-nfl) + ..+ d(y27 yl)
< r, + m—la=r<oo. n
X € Kr(y = YI)

Notation 1.4 For any (countable) collection {A\}, X € L of bounded sets, the union
/\ULA,\ 1s not bounded in general:
S

Example 1.12 X =R; d(x,y)=|x—Y]
Ai=Tlii+1); i=0,1,2,.. — UA =[0;00)

Definition 1.7 The point xo € X is a limit point of a set A C X , if every open ball
centered at xog contains a point x € A; x # xq. The set of all limit points of A is
called the derivated set A*.
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Definition 1.8 The set A= AU A" is called the closure or the closed cover of A.
Definition 1.9 The subset A C X is called closed, if AT C A.
Definition 1.10 The set B is called dense in A, if BC A A B=A.

Example 1.13 X =R :d(x,y) = [x — y|

a) A=[0;1] :
A=At = A; All points of A are limit points.
b) B=(0;1):

B C Bt =B=[0;1] = A4

¢)C={2|neN; n#0}

The only one limit point is xg = 0: C* = {0}
C is not closed because of C* ¢ C.

C' is not open in R.

d) The set Q of the rational numbers is dense in R.

Notation 1.5 For any collections of closed sets the intersection is closed and for any
finite collection of closed sets the union is closed, too.

Notation 1.6 The empty set and X are closed sets.

Notation 1.7 The subset A C X is closed <= B =X\ A is open.

1.3 Convergence and Completeness
Let X be a metric space with the distance function d(x,y), x,y € X.

Definition 1.11 A sequence {x,} -~ , C X is called convergent, if there exists an
element xg € X fulfilling the condition lim,, ., d(X,,Xo) = 0. X is called the limit of
the sequence.

We write: lim,,_,o X, = Xo OF X,, —_ Xo Or in § — e—notation:
Ve >0 dng(e) | d(xn,%X0) <& Vn > ng.

Theorem 1.4 The limit of a sequence is unique.
Proof. We suppose that xg, yo are limits of the sequence {x,}3°; and xg # yo.
0 < d(x0,y0) < d(x0,%5) + d(Xn, ¥0)

As n tends to infinity we get d(xq,yo) = 0. Contradiction m
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Example 1.14 X =R", d(x,y)= \/(Z?:l(xz —Yi)?) :

zy it

limy o x* =x% xF= : xV = :
k 0

xn xn

— d(x"x") = \/(Zj_l(xf — x?)2) i)

= (2F—20)2 "0 v

k—oo .
zk 0 v

Convergence in the Euclidian Space is convergence by coordinates, is equivalent to con-
vergence of all components.
Example 1.15 X =Cla,b], d(x,y) = n<1?<xb|x( ) —y(t)]:

k—oo

klim X (1) = x0(t) <= d(xx,%0) = mta<xb|xk( ) —x0(t)] =0

A Ve>0 3ngle) e N| |xx(t) —x0(t)| <& Vk >nge), Vté€]la,b

~ ng(e) is independent of t.

Convergence of a sequence of functions in Cla,b] is uniform convergence with respect
tot.

1

Example 1.16 X =Cfa,b], d(x,y) (f |x(t) \pdt> ;. p>1, peN, fized:

lim x4 (t) = xo(t) <= d(xy,%o) = (/ x5 () — %o )I”dt) | =20

k—oo

This s called convergence in the p-th mean. If p = 2 the convergence is called conver-
gence in quadratic mean.

Notation 1.8 ACX; x€ AT < I{x, | v, # 20}, C A with lim,,_.., X, = Xg

Definition 1.12 Cauchy sequence

A sequence {x,} -, C X is said to be Cauchy, if given any ¢ > 0 there exists an
integer no(e) such that d(xp,x,,) < & whenever n,m > ny(e),

i.e. imy, ;m—oo d(Tp,xm) = 0.

Theorem 1.5 Any convergent sequence in X is Cauchy.

Proof. Assume that {x,} , converges and let be ¢ > 0 :
N IxgeX, ngeN, ng>0]dxn,%x) <5 A dXp,Xo) <
A d(Xp, Xy) < d(Xp,Xo) +d(X0,Xm) <€ Vn,m>ng m

5 Vn,m > ng
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Notation 1.9 In general the converse of this theorem is not true! It is possible, that
a Cauchy sequence tends to a limit which is not an element of the space X.

Example 1.17 X = (0;1); d(x,y) =[x —Y]
We choose x,, = + : {x,}- is Cauchy in X because we get no(c) = [2] +1, Ve >0
(square brackets = whole number).

Then

1 1 2
——— | < —<e Vn,m > nyg,

nom No

d(Xp, Xm) =
but the limit xo =0¢ X. = {x,},., is not convergent in X by definition.

Definition 1.13 A metric space X is complete, if every Cauchy sequence in X con-
verges to a point of X.

Example 1.18 X =R", d(x,y) =/, (@ — v;)?) is complete:
Let {x*}%°, be Cauchy in R™ ~

Ve > 0 3ngle) | d(x", x) = \/Zn_l(xf —al)2<e Vki>ng ~

|:lcfC —:cﬁ‘ < e Vkii>ng N i=1,2,...n
~  {ak}2 s Cauchy in R Vi. R is complete.
~  Jthelimit 2) €R fori=1,2,..,n
0
Ty
~ 3 the limit x° = : €R"
20

Example 1.19 X = Cla,b], d(x,y)= max|x(t) —y(t)| is complete:

a<t<b
The proof consists of three parts : o
1) We construct an element x¢(t) which can be the limit of a Cauchy sequence.
2) We show that x¢(t) is the limit of the sequence.
3) We prove that x¢(t) € C|a,].

1) Let {xy(t)}2, be Cauchy in Cla,b] ~

Ve > 0 3dng(e) | d(xn(t),xm(t)) = rr<1?<)%|xn(t) —xn(t)] <e Vn,m >ng

A X () —xn(t)] <e VYn,m >mng, ViteE|a,b
Let t be fized. ~ {xx(t)}32, CR and

Ve >0 dngle) | [xu(t) —xm(t)| <& Vn,m > nyg
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means {x(t)}32, is Cauchy in R. R is complete.
~oxa(t) TS xot) Ve (o] (%)
~ xo(t) is a function defined at |a,b).
2) (%) implies
1%, (t) — Xpix(t)] <& Vn>mng, k€N Vi€ a,b].
As k tends to infinity we get
|x,(t) —xo(t)| <& VYn>ng VtEa,bl.
A {xk() 152, is uniformly convergent at [a,b]. The limit is xo(t).

3) To show: x¢(t) is a continuous function.
X, (t) is continuous. This means

Ve>0 30>0| |x,(t) —x,(to)] <& VtElab]; [t—to| <0; Vn

and we get

[%0(t) = %o(to)| < |x0(t) = %n(E)] + [Xn(t) — xn(to)] + [xn(to) — %o (o)
< 3e V‘t—t0| <0

Thus x¢(t) € Cla, b].
f(t) a

xn(t‘ N
x,(©)
Xo(to) ’

Xo(t)

15

Example 1.20 X = Q : The set of all rational numbers with d(x,y) = |x — y| is not

complete.

Counterezample: {x, = (1+ %)n}oo C Q is Cauchy, but limx,, = e ¢ Q (Euler’s

n=1
constant)
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Example 1.21 X =C[0,1], d(x,y) (fo |x(t) |2dt> is not complete:

Counterexample: Consider the sequence {x,/(t )}nzl :

n'/3 for t<
xn(t) = { =3 for t>

3= =

Wl
wl

X, (t) is continuous at [0,1] for all n because lim t/% = (1)73 =

Jn = . The limit of
{xn(t)}72, is

=

Xo (t) =1

because of

(d (% %0))? = / %a(t) — xo(t)|2dt

1/n
0

() [ln
2" ey
0

1/3
fd n2/3.l+3(1>
n n

= 4p713 "I .

using (+): (a — b)* = a® — 2ab+b* < a®> + b if a,b > 0.
But x¢(t) is not continuous at [0, 1].

fit) »

n1/3'

| t-13

v
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1.4 Compact Sets

Definition 1.14 Let (X, d) be a metric space. The subset A C X is called sequentially
compact, if every sequence {x,}.., C A contains a convergent subsequence
{x, 172, C A with lim,, X, = x € X.

n=1

Definition 1.15 The subset A C X is called compact, if every sequence {x,}.., C A
contains a convergent subsequence {X,,} -, C A with lim, X, =x € A.

Notation 1.10 A C X is compact <= A C X is sequentially compact and closed.

Example 1.22 X = R with d(x,y) = |x —y| : All bounded subsets A C X are sequen-
tially compact.

For any bounded subset A C X there exists a closed interval I = [a,b] such that
A Ca,b] =1.

Look at any sequence {x,}>2, C A and choose a subsequence {X,} by succesive bisec-
tion in the following way:

During the n-th step take X,, from this half of the intervall in which the number of
elements is infinite.

d(Xp, Xm) < b?_na for m>n

{x,} is Cauchy in R

dxeX | limx, =x
n—oo

A C X is sequentially compact

Example 1.23 X =R", d(x,y) =/, (@ —v:)?):
All bounded subsets A C X are sequentially compact:

el

7"

Let A C X be a bounded subset and let {x™}>°_, C A be a sequence with x™ =
xm
Then there exists an element x° € R™ with d (x°,x™) < M < oo Vm.
— |} —al'| <M i=12,..n
= {x}"}o_, is bounded in R, i=1,2,...,n
Then there exists a subsequence {X} C {x"} such that X" "=° x;, i=1,2,...,n
because of the example above.
Ty
= x" "5 x=| : | eR"
x

n

= A C R" is sequentially compact.
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Example 1.24 X =Cla,b], d(x,y) = n<1?<xb|x( ) —y(t)]:
Let A C X be bounded and closed:
max [x(f)| < M <oo Vx(t) € A

a<t<b
Let A C X be equicontinuous:
Ve>0 3(e) >0 |t —s| <o implies |x(s) —x(t)| <e Vxe€ A

— A is compact in X. (Arzela-Ascoli Theorem)

Proof: s. [3, p.68ff] or [4, p. 20-21]

For example: A = {x(t) | [x(t)] < My; |%| < My; a <t <b}
~ A is bounded and closed.

~  The Mean Value Theorem implies |x(s) — x(t)| < My |s —t|.
~ A is equicontinuous.

~ A is compact.

Conclusion 1.4 In a metric space X every sequentially compact set A is bounded.
Proof. We assume A C X is sequentially compact and not bounded.
= Hx,}oy CA|dxe,x,) >n; Xo€X

Because of the sequentially compactness of A there must be a convergent subsequence.
Contradiction m

Conclusion 1.5 The converse of the above conclusion is not true. A bounded set does
not be necessarily sequentially compact.

Example 1.25 X =1,[0,1], d(x,y) \/fo 1x(t) — y(t)2dt
A = {gn(t) = sin(nmt)},;~

g, 8n) = \/ [ 1)~ gty
= \//0 |sin(nmt) — sin(mmnt)|2dt

= \//0 (sin®(nmt) — 2sin (nxt) sin(mart) + sin®(mrt)) dt

— il
- - =

d0,g,) = \// sin®(mmnt)dt = \/g Vm

A is bounded, but not sequentially compact.
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Auziliary calculation:

[sin®(nrt)dt = [ sin®(u)2 = -1 (u—sinu - cosu) + C

= 51 (nmt — sin (n7t) - cos ((n7t))) + C

2nm

= fol sin®(nrt)dt = 5= (nm — 0) = 1

2nm

Example 1.26 Let X be the set of all number sequences x = {x;}32,
with Y oo |x]? < oo and d(x,y) = (3 o, |2 — yiP)% :

Let A be the unit ball: A ={x € X | Y22, |z;]* < 1}. ‘
A is bounded and closed. We have a look at the sequence & = {ﬁl}zl C A with

€i — {0,...,0, ’tl' ‘,O,...}
— A&, ) =V2 if i#]

That’s why you cannot find a convergent subsequence in & and the unit ball is not
sequentially compact!

Theorem 1.6 WEIERSTRASS

Let f: A — R be a continuous function on the compact subset A C X. Then f has a
maximum and a minimum on A. That means: 3 x € A with f(X) = minges f(X) A
X € A with f(X) = maxxea f(Xx)

Proof. (for the minimum)
We set: oo = ingf(x) and have to prove: 3 x € A | f(x) = a.
Te
Now we build the sequence {x,}3>; C A such that f(x,) <o+ 2; n=1,2,...
A is compact = There exists a subsequence {X,}-, C A with X, —» x € A asn

n=1
tends to infinity.
f is continuous at A and so we get f(X,) — o = f(x) as n tends to infinity. =

Theorem 1.7 If the subset A C X is compact then there exists a point Xq € A such that
d(xg,y) = mig d(x,y) for any given point'y € X. xq is called the best approximation
Te

of y in A. (In general xq is not unique!)
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Proof. ;1 = in£1 d(x,y) implies that there exists a sequence {x,} -, C A with
Te

1
dly,x,) <p+—, n=12 ..
n

A is compact = There exists a subsequence {X,} -, C A with X,, — xo € A as n
tends to infinity.

n—oo

d(Y7 XO) S d(Yain) + d<§n7 XO) —

On the other hand we have
d(Y7XO) 2 %

because zg € A. Thus d(y,xg) = p and X is the best approximation. m

Summary:

Compactness is the generalisation of the terms ,closed interval” or ,bounded closed
set”. Compare this with the real one dimensional analysis: A continuous function has
an extremum on a finite closed interval.
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1.5 Operators

The generalisation of the function concept leads us to the definition of an operator. We
consider two real (or complex) metric spaces (X, dx), (Y, dy) and two subsets
ACX;, BCY.

Definition 1.16 A unique mapping from A to B, T : A — B is called an operator.
That means, for every x € A there exists a unique elementy € B such that Tx =y.
A is the domain of T.

Definition 1.17 The range of T is the set T(A) ={y € B | 3x € A with Tx =y}.

Example 1.27 System of linear equations:

153 ¢ d
(4 0 7) b :<6><:>Tx:y with x € R3, y e R?, T : R3 — R?
C

Example 1.28 In(x) =y <= Tx=y withx€eR" yeR! T:R* - R!

Example 1.29 4x(t) =y(t) <= Tx =y with x € C'[a,b]; y € Cla,b];
T : Cta,b] — Cla,b] : differential operator

Example 1.30 The map
b
Rx = / x(t)dt
defines an operator R from Cla,b] to R : an integral operator

Example 1.31 The map

b
Sx(t) :/ F(t,s,x(s))ds; t€ [a,b]
defines an operator S from Cla,b] to Cla,b|; F is called the kernel of the operator.

Integral and differential equations are rich areas of application for operator theory and
they provided impetus for the early development of functional analysis.

Definition 1.18 The operator T' : A — B is called
e surjective (onto) <— T(A)=DB

e injective (one-to-one) <= Tx =Ty ~ xX=Yy
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e bijective < T is surjective and injective.

Example 1.32 X =Y =R, A=[a,0], B=[¢,d], T:ACX—B
A A A
d d d

o

a b a b a b

injektiv surjektiv bijektiv

v
v
v

Definition 1.19 If the operator T : A — B is bijective, then there exists the inverse
operator T~! : B — A, which is defined by T"'y =x <= Tx=y.

Definition 1.20 The operator T : A C X — B C Y 1s called continuous at
xo € A, if Ve >0 35 =0(xg,e) | dy(Tx,Tx¢) <e Vxe€ A with dg(x,x0) < 6. If
T is continuous at every point xo € A, then T is called continuous on A. In Addition,

if §(xo,€) is independent of xo for all € then T is called uniformly continuous on
A.

Conclusion 1.6 T is uniformly continuous, that means:
Vx €A, Ve>030=46(e) | dy(Tx,Ty) <e Vy € A with dx(z,y) <o

Theorem 1.8 Let (X,dx), (Y,dy) be two metric spaces and let T:A C X — Y be
a continuous operator from the compact set A to the space Y, then T is uniformly
continuous on A.

Proof. Suppose T' is not uniformly continuous.
™ Jep > 0 and there exist sequences {x,}°°, C A, {y,}>2, C A such that

dX(Xn7Yn) < % and dY(TXnaTYn) 2 €0 (*)

A is compact. This implies that there exists a subsequence {x,,}°°; with x, - x € A
as n tends to infinity. Thus

n—oo
0

dX(YmX) < dx<yn7§n> + dx(;(n,x) -

n—oo . .
~ Yy, — x. T iscontinuous. ~

dy(T%,,Ty,) "= 0: contradiction to (x)
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Definition 1.21 A bijective continuous mapping T : A — B , with a continuous
1mwverse mapping is called a homeomorphism.
Two set are called homeomorphic < 3 homeomorphism T : A — B.

Example 1.33 The circle A := {(z,y) € R* | 2% + y? < r%} and the
ellipse B := {(z,y) € R? | Z_; + z—j < 1} are homeomorphic.
T 1is given by

T(z,y) = (%xgy) T:A—B

4 boundary point to boundary point y

4R B
\ Z

>
>

X

L

center to center

1.6 The BANACH Fixed Point Theorem

The BANACH fixed point theorem has a very great importance, for example

e in the proofs of theorems of existance and unicity for several mathematical
problems,

e for the solution of operator equations (see numerics).
Let (X, d) be a metric space and A be a subset of the space: A C X,

Definition 1.22 Let A be closed. The mapping T : A — A is called a contraction
mapping, if there exists a number 0 < g < 1 such that

d(Tx,Ty) < q-d(x,y) Vx,y €A
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Theorem 1.9 BANACH Fized Point Theorem (FPT)

Let A be a closed subset of the complete metric space (X, d) with a contraction mapping
T:A— A. ThenT admits a unique fived-point x* € A, i.e. X* is the solution of the
fixed point equation x = T'x.

Then the iterative sequence {x,},-, which starts with an arbitrary element

xg € A, defined by x,,11 = T%x,, tends to X* as n tends to infinity.

The following inequalities are true and describe the speed of convergence:

e a priori : d(x,,x*) < f—fqd(xo,xl)
e a posteriori : d(x,,r%) < ﬁd(zn,xn,l).

Notation 1.11 The weakening of the conditions leads to generalisations of the BA-
NACH FPT.

Notation 1.12 There are some analogous kinds of FPT which are of interest for the
sake of applications, for example the SCHAUDER FPT (for BVP of pde) or the KA-
KUTANI FPT (for economics).

Proof. Auxiliary calculation: xg € A;  x,+1 = T'x,, Thus
d(xn7 Xn—i—l) = d(Txn—b Txn) S qd(xn—17 Xn)
- qd(TXn—27TXn—1) < qu(Xn_Q,Xn_l) =..
< q”’kd(xk,xkﬂ) for0<k<n
Therefore we get
d(xn7 Xn+1) + d(xn—I—la Xn+2> + ...+ d<Xn—|—m—17 Xn+m)
d(xp, Xp11) + A(Txp, TXp11) + oo + A(TXp1m—2, TXntm—1)

(T4+q+¢+ ..+ ¢ ")d(Xn, Xn11)
(I+q+ @+ ... +¢" " Fd(xp, xp11)

d(xm Xn+m)

VAN VAR VAR VAN

1 _ m

1—qq”_kd(xk,xk+1) for0<k<mn; m>1. (%)
—q

A) Existance: (x) implies

lim d(Xp, Xp4m) =0

~ {x,} o, is Cauchy in A. A is closed, A C X and X is complete. That’s why there
exists an element x*, such that x* = lim,,_, X,,.

d(x*, Tx") d(x*,x,) + d(x,, Tx")
d(x*,x,) + d(Tx,_1,Tx")

n—oo

d(x*,x,) + d(xp-1,x") — 0

IA AN A
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N Tx" =x*
B) Unicity: We assume: 3x*, y* | x* # y* but Tx* = x* and Ty* =y*. ~

dx"y") = d(Ix"Ty") <qd(x",y")
—> q > 1: contradiction
C) Error estimations:
a posteriori: use (x) with k =n — 1 and m — oo

a priori: use (%) with k =0and m — oo =

Example 1.34 Application of the BANACH FPT to the integral equation
b
x(t):A/ F(t,s,x(s))ds+ f(t); a<t<b;, NeR (+)

. compliance with the conditions:

1) F :a,b] X [a,b] x R — R is continuous,

2) F, is continuous; |F,(t,s,z)| < M, Vt,s € [a,bl,z € R
3) f:[a,b]— R is continuous

4) X € R, such that: (b— a)|A\|M; =q < 1.

Theorem 1.10 If the conditions 1) to 4) are satisfied, then the integral equation (+)
admits a unique solution x*(t) € Cla, b).

Proof. By using the integral operator

b
(Thx)(t) = )\/ F(t,s,x(s))ds+ f(t); a<t<b
the integral equation (4) can be written in the form of a fixpoint equation
x(t) = (Thx)(t); a<t<b.
A)

x € Clab =2 (Tx)(t) € Cla,b]
~  Ty\:Cla,b] — Cla,b

B) By the Mean Value Theorem of differential calculus we get
Vs, t € [a,b] AN x1,20€R FEER

2)
|F<t,8,$1) - F(t,S,l’g)’ = ‘Fx(ta S>£)| |$1 - ‘TQ‘ < Ml ’xl - ‘TQ‘ (*)
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This implies

d((Thx1)(t), (Taxz)(t)) = max [(Thx)(t) — (Thxe) ()]

a<t<b
b
_ ggggg)w' [ (Flesx9) = Fltsxa(s))ds
MVTI
27\ max [b — ] - |F(E %1 () — F(t,m, %2(n))

a<t<b

MVTD(x)
< |)\||b_@|Ml |X1<77) —X2<77)|
|A||b— a|M; max |x1(t) — x2()|

= qd(xu(t), %2(t))

IN

Condition 4) delivers ¢ < 1 and therefore the operator T) is contractive. m

Notation 1.13 The corresponding iteration method is:
b
X1 (t) = )\/ F(t,s,xn(8))ds+ f(t); a<t<b;, n=012,..

It converges, for example with xq = 1, to the unique solution because of the BANACH
FPT.

Notation 1.14 A special case, in this example, is the case of linear integral equations:
F(t,s,z(s)) = K(t,s)x(s); with a continuous function K(t,s): [a,b] X [a,b]— R

Example 1.35 Given the linear integral equation with K(t,s) = ts,

b=1
X(t):)\/tsx(s)d8+1 for  0<t<1 (0)
a=0

That means the functions f(t) = 1, F(t,s,x(s)) = tsx(s) and F, (t,s) = ts are
continuous in their domains.

o Joax |F.(t,s) |=1= M
Let X be a real number such that \: (b — a) |\| My = |A| < 1. Then the conditions of the

theorem above are fulfilled for the integral equation (0) with ¢ = |\|. This means that in
the case of |\| < 1 the equation (o) has a unique solution x* (t) € C|0, 1].
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By successive approximation with xo (t) = 1 in [0, 1] we get the following sequence of
approximate solutions x,, (t):

1
an(t):)\/tsxn(s)ds—l—l for  0<t<1 and n=012,...
0

x;(t) = At sds+1:%t+l

1
Xy (1) = At/(%SQ—I—S) ds+1:%(%+1>+1
0

1
ALA ANt (A2 N
0

A= (A"
Xpp1 () = At [ sx,(s) d8+1:72 3 +1
0

O\H

—

<—>t+1zx*(t) for n — oo.

x* (t) is the solution of (o) for every || < 1.
Application to an initial value problem (IVP)

Given the IVP:
x (t) = f(t,x(t)) [t —to] <h (%)

X(t()) = Xy N
X

x(f) € A
xgh S (0

We search x (t) € A with
AcCX=C(to—h,to+h)
x (t) differentiable o

A:{x(t)eX

max |x (t) — xo| < 7“}
[t—to|< h

v

tyh fy tth
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We transform the IVP in to an equivalent integral equation:
t
x (1) :x0+/f(s,x(s)) ds, |t—t|<h xcA
to
With the integral operator T : A — X given by

Tx (t) :XO—i-/f(s,x(s)) ds, |t—to| <h

to
we get the fixpoint equation x (¢) = Tx ().

Theorem 1.11 (PICARD-LINDELOF)

0
1. Let f:S — R and its partial derivative £, = — (t,x) : S — R be continuous on

ox
S:
S={(t,x) eR* ||t —to| <h; |x—x0| <1}
2. Let f and £, be bounded on S:

f(t,x)| =M £, (t,x)] = M
nax [ (¢ x)] nax N (8x)] = My

Suppose
hM <7 and hM; =q < 1.

Then the IVP (x) has a unique solution
x*(t) e ACC(to—h,to+ h)

The sequence of approximate solutions x,, (t) calculated by successive approxima-
tion

t

Xpi1 (1) = X0+ /f(s,xn (s)) ds |t—to| <h
to

or X1 (1) = Tx, (1) n=0,1,2,...

n—oo

tends to x* (t) as n tends to oo for every xo (t) € A | i.e. x, (1) — x*(t).
For example take x¢ (t) = x¢ for |t — to| < h as a starting point.
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Proof:
We have to show, that T is contractive on the complete metric space X = C (h — tg, h + o)
under the assumptions 1. and 2. The BANACH Fixed Point theorem then implies the

theorem wich we require.
a) We verify: T : A — A.
V x (t) € A we have

t

/f(s,x(s)) ds| <t tol e [f(t30] <HM <5
t,x) €

to
with [t—t) < h
Because Tx is continuous for every x € A we get

t

= <
dx (Tx,x,) |t_125|1£<h /f(s,x(s)) ds| <r
to

and therefore Tx (t) € A.
b) The mean value theorem of the differential calculus implies

|f (t,Xl) — f(t,Xg)l = |f:c (t,£)| |X1 — X2| S M1 |X1 - X2| V(t,X1> €S /\V(t,X2> €S

Thus

t

e (Txi, Tx,) = max, / £ (5,51 (5)) — £ (5, %2 (5))] ds

< —
hM, Jnax, %1 (1) — %2 (1)]
= q-dx(x1,%)
a) and b) together imply that T is contractive.

Example 1.36 Given the IVP
X (t)=tx(t) with x(0)=x%=1 (%)

The equivalent integral equation to (xx) is the following:

t

x(t)zl—l—/s x (s) ds.

0
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With to = 0 and xo = 1 we get: S ={(t,x) € R?| [t| < h; |[x—1| <7},
and with f (t,x) =tx , £, (t) =t we have:

max |f(6,x)|<h(r+1)=M max _|f, (¢,x)| =h = M.
(tx) €8 (tx) €S

The conditions of the theorem above are valid , if
hM =h*(r+1)<r and hM; = h*=q < 1.

(We used |x| < r+1.) This means that in the case of h < 1 the IVP (xx) has a unique
solution x* (t) € C (—h, h). Given h thenr has to be chosen such that r > h?/ (1 — h?).

By successive approzimation with X (t) = 1 in [—h, h] we get the following sequence of
approximate solutions X, (t):

t

t2
xp(t) = 1+/sd5=1+5

2 21 /12\?
xo (t) = 1—i—/3 (14—%)5{3:1_;_5_{_5(5)

21 /2\* 1 /2\°

ot (B) = 1+/an(s) ds:ni:l%(g)k

x* (t) is the solution of (xx) V t € R.



2 Linear Normed Spaces

The simplest one of the abstract topological spaces is the metric space, about which
we spoke earlier. In a metric space you can do analysis because the metric is a distance
function between the elements. But you can’t compare the elements themselves. Thus
you can’t order the elements and so you don’t have an algebraic structure. That’s why
you can’t calculate in a metric space. But we need to be able to do all these things.
First we take the vector space V3 as a model:

e The connection between V? and R? is the unique mapping ¢ :

U1 hn x
dxy)=v=| v |=1p || 22|,
U3 Y3 T3
which assigns every pair x,y € R?to a vector v € V3: (R3, V3 ¢) is an affine

space.

e The starting point of our consideration is the metric space R?® with

dx,y) = V(z1— 1)+ (22 — y2)® + (33 — y3)?

= /v +vi+02

= vl
such that d(x,y) is the length of the vector v: This is an Euclidian Space.

e The connection between V3 and R? is the mapping ¢ :

(4 Y1 X1
QS(X, y) =V = V2 = Y2 - X2 )
U3 Ys €3

which attaches every pair x,y € R? to a vector v € V3. We say (R3, V3, ¢) is an
affine space.

e V3 is a linear space, arithmetic operations between vectors are defined.

The generalisation of the vector space V? is a space with arbitrary mathematical objects
which has a connection to a corresponding metric space. We obtain linear normed spaces
where you can measure and calculate.

31
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2.1 Linear Spaces
Now we recall some facts about linear spaces from the Linear Algebra:

Definition 2.1 A vector space over a field K (K =R or K= C ) is a nonempty set X
together with two binary operations that satisfy the eight axioms listed below. (Elements
of X are called vectors. Elements of K are called scalars.)

(A) The first operation, addition, takes any two elements x € X, y € X and assigns
to them a third, unique element which is commonly written as x +y € X and
called the sum of these two elements.

(M) The second operation takes any scalar A € K and any vector x € X and gives
another unique element A\x € X. The multiplication is called the scalar multi-
plication of x by A.

To qualify as a vector space, the set X and the operations of addition and scalar
multiplication must adhere to a number of requirements called the

Axioms of the linear space.

Let x, y and z be arbitrary vectors in X, and A and p be scalars in K.

(A1) x+ (y+2z)=(x+y)+2z (Associativity of addition)
(A2) x+y=y+x (Commutativity of addition)

(A3) There exists a unique element O € X, such that x + O =x Vxe X
(zero/identity element of addition)

(A4) For every x € X, there exists a unique element (—x) € X such that x+(—x) = O
(Inverse element of addition )

(M1) (A +p)x = x+ px (Distributivity of scalar multiplication
with respect to field addition)

(M2) AMx+y)=Ax+ Ay (Distributivity of scalar multiplication
with respect to vector addition)

(M3) (Ap)x = A(pux) (Compatibility of scalar multiplication
with field multiplication)

(M4) 1x =x; (1 € K, Identity element of scalar multiplication)

Notation 2.1 If K=R (K= C) then we get a real (complex) linear space.
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Notation 2.2 These axioms generalise properties of the vectors introduced in the be-
ginning of this chapter.

Example 2.1 V" : vector space analogous to R™
Example 2.2 Space of all polynomials P* = {P,(x)|n € Nz € R (or. C)}:
P,(7) = ap+ a1z + a2 + ... + a,2"; a; €R (ora; € C), i=0,1,..,n

Addition corresponds to the standard addition of polynomials, scalar multiplcation cor-

responds to the multiplication of a polynomial by a real or complex number. There exists

a connection between the polynomials P, (x) and the vectors of the coefficients of the
Qg

polynomial: : €yl

Qn,

Example 2.3 x(t),y(t) € Cla,b]; A€ K=C:
Addition: (x +y)(t) = x(t) + y(
Multiplication by a scalar: (Ax)(t
Zero Element: 0(t) =0 Vt €|
Inverse element: —x(t)

Example 2.4 Space I, of all real or complex number sequences x = {x;}7°,
with > 2, |xiP <o0; 1<p<oo AeK=C"':

Addition: x +y = {x; + yi} iy

Multiplication by a scalar: \x = {\z;}3°,

Because of
e.9] e.9]
Yo Pl =Y jwl < oo
=1 =1

and the Minkowski inequality

00 1/p 0o 1/p 00 1/p
. |P .|P .|P
(E i:1|x1+yz|) S(E izllle) +(§ z,:1|yz|> <00

we get x +y €, and \x € [,
Zero Element: 0 = {0,}°,
Inverse element: —x ={—x;},

Example 2.5 X = R* = (0, 00) with K =R:
Addition: x+y =z -y
Multiplication by a scalar: \x = x
Zero element: 0 =1 € R

Inverse element: x + —x =1 corresponds to x - % =1~ —x :%
Homework: Test the axioms A1 to M/ of the linear space.

A
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Now we adopt several definitions from the linear algebra:

Definition 2.2 Let U be a subset of X. Then U is a subspace if and ony if it satisfies
the following conditions:

a) If x and 'y are elements of U, then the sum x +y is an element of U.

b) If x is an element of U and X is a scalar from K, then the scalar product A\x is an
element of U.

Conclusion 2.1 U dtself is a linear space over the field K
Definition 2.3 Let U be a subspace of X and x¢ € X then

M={xo+y|yeU=x,+U
18 called linear manaifold in X.

Definition 2.4 Let A be a subset A C X. The set of all finite linear combinations of
elements of A

spanA:{Z)\kxk | xx €A, M€K, mEN}
k=1

is called the linear span (linear cover) of A
Definition 2.5 Let U and V be subspaces of X, then
U+V=span(UUV)

is called the sum of U and V. Additionally, if UNV = {0},
then U+V s called the direct sum UdV. Everyz € UV has a unique representation
in the formz=x+y withx €U andy € V.

Definition 2.6 If X = U &V, then the subspaces U C X and V C X are called
complementary.

Definition 2.7 The set {x1,Xa,...,X;,} C X is called linearly independent, if
D Mxp=0<=M =X =.. =Xy =0
k=1

Definition 2.8 The set B C X is called linearly independent, if every finite subset
of B is linearly independent.
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Definition 2.9 A linearly independent subset B C X with X = spanB is called a
basis in X.

Definition 2.10 If there exists a basis of X with |B| = n, then every basis of X
consists of n elements: dim X = n. If there is no finite n then X s called infinitely
dimensional.

Definition 2.11 Let X and Y be linear spaces over K. X and Y are said to be linear
isomorphic, if there exists a bijection f: X — Y with the property

flax+By)=af(x)+8f(y) VxyeX; apBekK
Example 2.6 Dimension of P" :
a+ oz + st + . 4" =0 & a;=0; i=0,1,2,..,n

because a polynomial has exactly n complex roots (Fundamental theorem of linear alge-

bra)
~  Basis of P" = {1,z,2% ....,2"} ~ dim(P")=n+1

Ezxample 2.7 Cla,b| :

B={1,x,x"..,x"} CCla,b]; neN

Any finite linear combination of elements of B is a polynomial. ~ B is linear indepen-
dent.

Weierstrass approximation theorem: Any continuous function can be approximated by
polynomials in arbitrary accuracy.

~ Cla,b] = span(B) ~ B is a basis. ~ dim(C|[a,b]) = o0

Exzample 2.8 [, :

Basis: = {Xk:(O,...,O, 1 ,0,..); k:1,2,...}
position k

l, is infinite dimensional.

2.2 Normed Space - BANACH Space

Definition 2.12 A (real) normed linear space (V,||.||) is a (real) linear space V
over the field K together with a function ||.||, V — R, called the norm, satisfying the
following 8 conditions for any x,y € V:

@ x>0 A [x[[=0 <= x=0 (nonnegativity and nondegeneracy)
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(II) [Jox|| = || ||x||], « €K (multiplicativity)

(1) |x+yl| < |x||+ |lyll (triangle inequality)

|x|| s called the norm of the element x.

Notation 2.3 In any linear normed space V you can introduce the canonical or
induced metric by d(x,y) = |[x—y| Vx,y € V. Therefore every linear normed
space 1S a metric space.

Notation 2.4 In linear normed spaces the metric properties are combined with alge-
braic structures. You can measure and calculate.

Notation 2.5 The revesal, that a linear metric space is a linear normed space, too, is
true only if you can find in X a metric d(x,y) which is homogeneous (uniform) and
wmwvariant by translations:

(A) Invariance by Translations: d(x +z,y +z) = d(x,y) Vx,y,z€ X

(B) Homogeneity: d(ax, ay) = |a] d(x,y) Vx,y € X acK
Then we set ||x|| = d(x,0) because

x| = dx,0>0 A |x]|=d(x0)=0sx=0
Jax| = d(ax, )=| |d(x,0) = [af [|x]]
x+yl = dx+y,0)=dx+y,~-y+Vy)
& d(x -y)

IN

d(x,0) +d(0,—y)

D d(x,0) + d(0,y)

d(z,0) + d(y,0)
= x|+ |yl

Notation 2.6 The norm is a continuous function which satisfies the inequality:
=l =yl < llx -yl vxyeV
Proof. I)

X[l = llx =y +yll < llx=yl + Iyl
Il =iyl < llx =yl
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1)

Iyl =y =x+x[| < lly —x|[ + [Ix]|
=[xl +lyl < lx—yl

Therefore we get
lIxll =yl <llx =yl vx,yeV

Definition 2.13 A linear normed vector space V over the field K which is complete
with respect to the metric d(x,y) = ||x —y||, induced by the norm, is called a BA-
NACH space.

Example 2.9 BANACH spaces are for example:

1. R™ with
n 1/p
= | (Bimr) g 15 <o

a — 14 ”
1Iélkgxn|xk| for p 00

2. 1,: space of all bounded number sequences {xy}3>, with

- 1/p
x|, = (Z |xk|1>) for 1<p<oo
k=1

3. loo : space of all bounded number sequences {xy}32, with

Il = suple

4. Cla,b]: space of all continuous functions f : [a,b] — C with

£l = max|£(2)]

a<t<b

5. C™[a,bl: space of all m-times continuously differentiable functions f : [a,b] — C
with
— (k)
£l = D max (1)
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6. Lyla,b]: space of all measurable functions f : [a,b] — C whose absolute value
raised to the p" power has a finite integral:

b
/ ()Pt < o

i, = ([ o) ”

Notation 2.7 STEFAN BANACH. (1892-1945, Pole, died from lung cancer)
His book "Theorie des Operations Linéaires"(1932) is the foundation of the fundamen-
tials of the function analysis in normed spaces.

with

especially with p = 2.

2.3 Metric Properties of BANACH Spaces B

Definition 2.14 The set K,.(xo) = {x € B | ||x —xo|| < 7} is called an open ball
centered at x, € B with the radius r.

Convergence in the BANACH space B:

e Let {x,}°°, be a sequence in B.
lim, 0o X, =X¢9 <= Ve>03ng(e)| ||xn—x0|l <& Vn>ng

{x,}22, is Cauchy in B, if
Ve >0 dng(e) | ||xn —xmll <& Vn,m >ng

Because of the completeness of the BANACH space, every Cauchy sequence tends
to a limit in the BANACH space.

Convergence in normed spaces is called norm convergence.

The set of all norm convergent sequences is linear:

lim, 0o X, = X A limy, 00 ¥, = y implies lim,, oo (X, + yn) =X+ Y.
lim, o X, =x A lim,,_,, a,, = « implies lim,,_,, a,,X,, = ax.
lim,, ., X, = x implies lim,, . ||x,|| = ||x]|| -

Definition 2.15 In a normed space V the norms ||.||, and ||.||, are said to be equivalent
if Im, M eR, m>0,M>0|m|x|, <|x|,<M|x|, VvVxeV.
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Example 2.10 Fquivalent norms are in the space

T1
a) V=R"(orV=C"): x= ;. z € R(C)
Tn
n n
Il o bl Il = 3 bl [l = [ bl
4)
n
- < Z - < —
el 5 o || < ) 1\a:k| el < nmax |ze] = nx]o
B)
n
- < Z 2 — < —
el gl < || o = s < VAol = VT
C)

Il < nlixlle < nlixly < nvnlixl,

X, 4
|| =1
Il
Ixll,= 1 \
Xy
Il =1

— . _ . _ —rt .
8)V =Cla,b]: £l = max|F(®): [€ll, = max|ef (O] >0

e~ " is a strictly monotonic decreasing function. Therefore we get

: —rt — —rb < Tt < —rt
e Wl = e Timlrl s e il < jgle 7O
— < —rt — —ra
IFl = e ™ st = e ™ el

Notation 2.8 In a finite dimensional normed space V all norms are equivalent.
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Notation 2.9 FEvery finite dimensional normed space V" is a BANACH space.

n
Proof. Let {ej,es,...e,} be a basisin V" = =z =Y we; VeV
i=1
We introduce ||x|| = max |ov;|. Any other norm is equivalent to ||.|| .
<i<n

Let {xr = > are;}32; C V" be Cauchy in V". Thus
i=1

|mi — il < ||xm — Xill oo S M ||xm — %3] <& Vm,k>mng(e), i=1,2,....n

implies {ay;}52; is Cauchy in R and limy .o, ag; = o Vi
A limy oo X = Xg = Z agie; €V m
i=1
Notation 2.10 The change to an equivalent norm has no influence to convergent se-
quences. Maybe you have a computational advantage.

Notation 2.11 The equivalence of norms is an equivalence relation, that means it is
reflexive, symmetric and transitive.

Series in Normed Spaces:

Definition 2.16 Let x1,Xs, ..., X, ... be elements of a linear normed space V,

Sp = Zxk. (partial sum)
k=1

By definition the series Zxk converges to a limit s € V if and only if the associated
k=1
sequence of partial sums {s, } converges to s i.e.

o
s:E X, < lim s, =s

n—o00
k=1

s = Zxk is called the sum of the series in V.
k=1

Definition 2.17 The series Zxk is called absolutely convergent, if the number

k=1
0o

series Z |xx|| is convergent.
k=1
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Notation 2.12 In a BANACH space B every absolutely convergent series is convergent
and the following inequality is satisfied:

00
D i
k=1

(e, 9]
<D Il
k=1

Proof. The sequence of the partial sums s, = Z |xk|| of the absolutly convergent

k=1
series is Cauchy. This implies

m m
lsn — smll = Z xi|| < Z |xkl| <& Vn,m >ng(e)
k=n-+1 k=n+1
— dseB| lims,=s.
n—oo

Therefore we get

n 00
Sx| < Sl <3 Il and
k=1 k=1

k=1

n o0 o
lim Y xil| = sl =) x| < Ikl
n—oo

k=1 k=1 k=1

2.4 Linear Operators

The consideration of linear problems in linear normed spaces makes sense because linear
operators use the linear structure of these spaces.

Definition 2.18 Let XY be linear normed spaces over the (same) field K. A mapping
A : X =Y s called a linear operator if:

A(u+v) = Au+Av VuveX
A(au) = aAu Va e KAVu e X.

Image space of A: R(A)={yeY |y=Ax; xeX}
Null space (kernel) of A: N(A) ={xe€ X | Ax =0}

Notation 2.13 N(A) ={0} <= A :X =Y is injective.
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Definition 2.19 The linear operator A : X — Y s called bounded if there exists
some finite positive constant C € R such that ||Ax|| < C||x|| Vx e X.

Definition 2.20 The number
|Al = inf{C € R[[|[Au]| < C|u],Vu e X}

= sup [|Aul|
Jul=1

18 called the norm of the operator.
Notation 2.14 :

|Ax|| < JJA|l|lx]] VxeX and

u = = Vx#£0
M
implies
Ax X
jau) = XLy = a = A ana
i I
AL = sup A

Notation 2.15 You can find linear operators A : X — Y in linear equations of the
form Ax =y (x€X, y €Y). For example the operator A can be

— a system of algebraic equations

— an integral equation or

— an ordinary or partial differential equation with initial conditions or boundary values.

Notation 2.16 Therefore, it is possible to transfer the properties of solutions of sys-
tems of linear equations to solutions of linear operator equations.

Example 2.11 Let X = R" have the basis ey, ...,e,. Therefore, every element x € X
can be described as x = riey.
k=1
Furthermore Y = R™ has the basis fi, ..., £, and soy =>_ y;f;, Vy € Y.
i=1
The operator A : X — Y 1is defined by:

Ae, = Zalkf, eyY k=1,...n (*) and
=1

Ax = ZxkAek (xx) VxeX
k=1

= Zxk Zaikfi = Z (Z xk:aik:) f; = Zyifi =Yy
1 i=1

k=1 =1 i=1 \k=
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Therefore we get
Z TrQik = Yi
k=1

~ The definition (x), (xx) of the operator is equivalent to the matriz equation Az =y :

aypy -+ Qin a5 n
= : S Ax =y

m1 *°°  Qmp T, Ym

in the basis {ex} of X and in the basis {fi} of Y. If you have a look at (xx) or the
matrix then you will see that the operator A is obviously linear. Now we define the
operator norms i X and Y by

Ixll. = s [anl - and |yl = max [l

n
[Axll,, = max |yi] = max Z_;aikﬂfk

< ma le max ] = (maleam) x|, < O [xl.,

This means A is bounded.

df
= L Y= .
dteC[a,b]}, C [a, b]

We introduce the differential operator D : X — Y. It is linear because:

Example 2.12 X =<{f () € Cla,b] ‘ 3

D(af +Bg) =aD(f) + 8D (g)  Vf,ge€X and a,B€R

d
For example, we obtain with f = f (t) =sint; t € [a,b]: D(f) = d—‘]; = cost.
In X C Cla,b] and Y = Cla,b] we introduce the norm ||f|| = glta§b| f(t)|. Then D

18 an unbounded operator:
Choose f,(t) =sin(nt) = f/(t) =ncos(nt) A |f.|=1

= Df, = ncos(nt)
|DE.|| =n|f.); n=12,..
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Example 2.13 X =Y =C|a,b]; x=x(t) € Cla,b] and |x|_ = max 1% (t)]
Consider the integral operator: -

(Ax)(t) = /K(t,s)x(s) ds; x € Cla, b

with the continuous integral kernel function K (t,s) : [a,b] X [a,b] — R.
The operator A : Cla,b] — C|a,b] is linear and bounded.Linearity is obviuos. (home-
work)

|AX| = max
a<t<b

[ s sxtsias

b
< mas / K1, 9)]ds - maxx(s)
< (b—a) max [K(t,9)] - x| < (6= a)M x|
Al < (b—a)M

Theorem 2.1 The linear operator A : X — Y is continuous if and only if it is
bounded.

Proof. I) Let A be continuous on X = A is continuous at xo = 0.
Proof by contradiction: We assume that A is unbounded. = 3 {x,}32, C X such
that

xp #0 A [[Axy|| > klxgll; k€N

We set
Xk
u, = eX
k| xx||
A
|Au|| = A | >1 keN

k[

On the other hand ]
lug|l = - "0~ klim u, =0

But the continuity of A at xo = 0 implies
Au, "= A(0) = A(x —x) =0 contradiction

~ A is bounded.

IT) Precondition: A is bounded at an arbitrary xo € X. If ||x — X¢|| < & = 0 then

£

1AX — Axol| = [|A(x = xo)[| < Cllx = x0f| < C'5

= E.

Therefore A is continuous at xy. B
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Definition 2.21 A linear continuous operator A : X — Y is called an isomorphism
if it is bijective and if A~ is continuous. That means: An isomorphism is a linear
homeomorphism. Moreover if |Ax|| = ||x|| Vx € X is satisfied then A is called iso-
metric. Normed spaces which are connected by an (isometric) isomorphism are called
(isometricly) isomorph.

Definition 2.22 The sum T + S of the linear operators T and S s defined by the
equation (T + S)x = Tx 4+ Sx Vx € X, the product of the operators T by A € R
or A € C is defined by (A\T)x = A\(Tx) Vx e X.

Definition 2.23 The collection IL(X,Y) of all linear bounded operators
A : X — Y with the sum and the product defined above is called the space of the
linear bounded operators L(X,Y).

Notation 2.17 The result of the sum and the product defined above is an element of
L(X,Y).

Notation 2.18 If we introduce the operator norm ||A|| in L(X,Y) for every
A € L(X,Y) then L(X,Y) s a linear normed space.

Ezxzample 2.14 (for the space L (X)Y) )

X=R" with |x|=  Jmax |z 5] x= (21, ..., 2n)"
j<n

Y=R" with |ly|= max ||  y= (1 tin)
<i<m

Every linear operator A : R" — R™ of L (R",R™) can be represented by a matrix

ai;y ... Qi

A —

Am1 -+ Amn

The sum of two m x n matrices and the product of a m x n matrix with an element of
R or C are the same as the arithmetic operations between linear operators.—> There
exists a linear isomorphism between the set of all m x n matrices and L (R™,R™).

[ Aull = jUuj| < | max Z jaij| | max fu;| (+)

1<’L<

implies

1Al < | max Z|au|
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With | Jnax S ai| = 2 |awj| andT = (T, Ty, ..., Tn)" € R”, such that T, = sign (ax;)
Sism; 5 =1
we get |[]| = 1 and therefore

ar; - sgn (arj) = ar; - U; = |a;|
n n
|AT| = max Z;az'juj = (KHgang;miﬂ) Iall.
j= j=

Thus there exists an element @ € R™, such that the inequality (+) is an equation for
u=nu:

|Al = max > ay.
j=1
Only if n = m the operators of . (R™,R™) can be invertible. In this case we get:
Lin, (R*R") ={A € L(R"R") | det (A)#0}.

Theorem 2.2 If the image space Y of a linear operator is a BANACH space, then
L(X\Y) is a BANACH space, too.

Proof. Let {A,,}5°, be a Cauchy sequence in L(X,Y). ~
HAn - Am” <e Vn,mZ= nO(g)
This implies

[Anx — Apx]| < [|Ay = An[llIx]] <ellx]| () Vn,m=mne(e), vxeX
= {A,x}2, is Cauchy in Y

Y is a Banach space —

dJAx = limA,xeY VxeX
A, (ar + fs) = aA,r+ BA,s
~ ! n— oo ! A is linear
A(ar + fs) = aAr + [As

~ A < [[Ax — Apx|| + [|Ax]] < (e + AL (%] Vn >mn(e), VxeX
~ A 1s bounded

(x) implies as m — oo

|Ax — Ax|| < e]x| VYn>mnele), ¥xeX
A, —A|l < & Vn>ngle), ¥xeX
~ lim A, =A€L(X,Y)

n—oo
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Definition 2.24 The sequence {A,} - | C L(X,Y) is called norm convergent (strong-

ly convergent) with the limit A € L(X)Y) if lim, o ||Apx —Ax]| =0 Vx € X is
satisfied. We write:
A,"=°A orlim A, =A.

n—oo

Notation 2.19 Strong convergence implies the pointwise convergence.

Definition 2.25 Let X, Y, Z be linear spaces and let T : X — Y; S:Y — Z be

linear operators. Then the product ST of the operators is defined by
(ST)x =S(Tx) VxeX

Definition 2.26 Let T : X — Y be a linear operator. If there exists a linear operator
S:Y — X such that :

ST=Ix A TS=1y; withIx, Iy identity maps from X to X orY to Y then S is
the inverse Operator of T : S =T

The collection of all invertible operators T' € IL(X,Y) is called L;,,(X,Y) .

Theorem 2.3 Given an operator T. If the inverse operator T~ ewists then it is uni-
que.

Proof. Assumption: 3 T;* A Ty' | Ty # Tyt
TT;' = Iy A TT,' =Ix

T(T;'-T;) = 0 ~
T,' = T,! Contradiction

Notation 2.20 L;,,(X,Y) is open in L(X,Y) with respect to the operator norm.
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3 HILBERT Spaces

In the space R? an inner product is defined:

(x,y) =x"y = 21y + 2a2ys + w3y3 VX = (21,22, 23)",y = (y1,52,93)" € R
Furthermore we have [|x|| = 1/ (%, x).

The following condition for the inner product leads us to the orthgonality of two ele-
ments: x,y € R? are orthogonal if and only if (x,y) = 0. Therefore we can define the
position of any two elements of the space.

Orthogonality is the background for the solution of the following approximation
problem:

Given:
x € R?® and a subspace U C R?
We look for an element

xo € U with ||x — x| = ;Iéi%ﬂx—yﬂ

X is the best approximation of x with respect to the subspace U. x, satisfies the
condition
(x—x%0,y)=0 VyelU.

Moreover using this we can specify the definition of a basis: If you take an orthonormal
system (ONS) in R3, for example {e;, es, e3 | (e;,e;) = d;;}, then you can describe an
clement x € R? by x = 320_ (x, e )ey.

We want to generalise these facts in order to abstract this concept to infinite dimensio-
nal spaces. If an abstract space with an inner product is complete then you can represent
its elements by FOURIER series. This is the basis of numerics in such spaces. That’s
why we are looking first for an inner product space.

Definition 3.1 An inner product space (H,(.,.)) or pre-HILBERT space is a linear
space H over the field K together with a function (.,.) : HH x H — K, called the inner
product which satisfies the following conditions:

1. (x,x) >0 A (x,x) =0 x=0 (nonnegativity and nondegeneracy)

49
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2. (x,y) = (y,x) (Hermitian symmetry)

3. (ax+ By, z) = a(x,z) + B(y, z) Vx,y,z € H; a,feK  (linearity in the first
argument).

Theorem 3.1 FEvery pre-HILBERT space is a normed space with the norm

x|l = v/ (x,x) Vx € H . (Proof see below)

Example 3.1 H =1, : x = {z1,29,...} €H, y={y1,v0,..} €H

o o 0.5
()= ogs Ixl= (Z ka!2>
k=1 k=1

Example 3.2 H=Cla,b]: f,ge H

o) - | g f] = ( / b |f|2dt)

Properties of the inner product:

0.5

1. (u,av) =a(u,v) Vu,ve H, a € K
2. (w,v+w)=(u,v)+ (u,w) Vuv,weH

3. [(w,v)] < [ul| - ||v| Vu,v € H SCHWARZ’s Inequality

Proof. 1.:
(uw,av) =a(v,u) =a(u,v) Yu,veH, ackK
2.
(v+w) = Wrwu =+ wu
= (u,v)+ (u,w) VYu,v,welH
3.

0 < (u=Av,u—J\v) Vu,v e H, A e K
= (w,u) — A(v,u) — A, v) + A\(v,V)
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We choose \ = % and substitute:

(u,v) (u,v) (u,v)(u, v)
0 < (u,v) (V’V>(V,u) (v,v)(u’v>+(v,v)(v,v)(v’v>
Jul? - 12
vl
[(w, V)| < [fulf- v

Proof. of theorem 3.1:
The norm properties 1 and 2 of ||x|| = 1/(x,x) are obvious. We prove only property 3:

Ix+yl* = (x+yx+y)
= (%,%)+x, )+, x)+(y,¥)
Il + Iy l* +(x, y)+(x, y)
1[I + Iyl +2 Re(x, y)
)1 + [y I* +21(x, y)|
Ix)1* + Iy I +2 [Ix]| Iyl (SCHWARZ)
(Il + [y 1)

ININA

Theorem 3.2 The inner product in a pre-HILBERT space is continuous, 1i.e.
lim,, 0o X, = X and lim,, oy, =y imply lim,, o (X,, ¥n) = (X,¥).

Proof.

o
IA

(%, ¥) = (%0, ¥0)|

= [(%,¥) = (%0, ¥)+(Xn: ¥) = (X0, ¥)|
< |xy) = (%0, ¥)| + (X0, ¥) = (X0, ¥0) |
< x=xall Iyl + xallly — yall = an

a;, is a null sequence because of lim,, . (X — X,) =lim, oo (y — yn) =0
and lim,, oo X, = X. W

Definition 3.2 A HILBERT space is a complete pre-HILBERT space with respect
to the metric d(x,y) = ||x — y||, induced by the norm ||x|| = /(x, X).

Notation 3.1 Fvery HILBERT space is a BANACH space. A BANACH space is a
HILBERT space if and only if the norm of the BANACH space satisfies the parallelo-
gramm, tdendity

e = yII” + e+ yI* = 2(]x1* + Iy lI*)-
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Notation 3.2 Therefore all definitions, theorems and facts about linear normed spaces
are hold in HILBERT spaces.

Example 3.3 H=C (or H=R):
(xy) =xy; x[[=x| ¥YxeH
Example 3.4 H=C" (or H=R") :

n

n 0.5
X,y) =Y b x| = <Z \xk\2> Vx,y € H
k=1

k=1

Example 3.5 n — oo: H=1,, dimly, = 00

X,y) =Y nbe x| = <Z \kaV) vx,y € H
k=1 k=1

(space of square-summable sequences)

Example 3.6 H =L,[a,b]: —oco<a<b< oo
is the set of all measurable functions f : [a,b] — C such that (L) fab £(4)]” dt < oo

(f.g) / “tOEDd VEgeH

But: Cla,b] with the inner product (f,g) f f(t)g(t)dt is not a HILBERT space!

Cla, b] with this inner product is a dense subspace in ]Lg [a b].

3.1 FOURIER Series in HILBERT Spaces

Definition 3.3 Let H be a HILBERT space. The two elements u,v € H are ortho-
gonal (u L v), if (u,v) =0.

Definition 3.4 Let H be a HILBERT space. A system {e;}32, is called an orthonor-

mal system (ONS) if (e;,er) = 0y = { (1) ; ; z :

The ONS is called closed or complete, if span{e;} = H.

Conclusion 3.1 YueH Ve >0 Ju; € R A Ingle) |

n
u— E U;€;

=1

<e Vn>ng
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Definition 3.5 A HILBERT space H is called separable, if H has a countable subset
M = {uy,uy, ...} which is dense in H, i.e. M = H.

Theorem 3.3 In a separable HILBERT space H, there ezists at least one complete
ONS (and the contrary is true, too).

Proof. A) First we construct a basis of H:

Let M = {u;]i=1,2,..} bedenseinl ~ M=H

First step: We delete all linearly dependent elements of M and get
M, = {ux| k =1,2,...} such that

span(M) = span(M,) = H.

Second step: We orthogonalise and normalise the elements of M, by the method of
Erhard Schmidt and prove it by induction.
Beginning of induction:

u
e = — |lefl=1
|
~ €,
€ = uy— (ug,ej)e;; €= @; lezf| =1
(52,31) = (112—(112,91)61,31)

= (ug,e1) — (ug,e1)(er,e1) =0

We assume
€, = uy — i(uk,ei)ei; e, = ”Z:H with (e, e) = (eg,€) =0; (=1, k—1 (%)
P
Step of induction:
€py1 = Upgl — zk:(ukﬂ,ei)ei; €rt1 = %5 lers1]| =1

=1

k
(€kt1,€) = <Uk+1 — Z(ukﬂ,ei)ei,el) o 1=1,2,.k

=1
k
= (ugs1,€r) 5 Uii1,€;)(e;,€)
=1

= (Wri1,€;) — (ury1,€) =0  because of (e;,e;) = 0 (see (x))

~ ey and e; are orthogonal and normalised for all [ < k.
B) span{e;} is dense in H because we deleted the linearly dependent elements only. m
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Notation 3.3 A HILBERT space with a complete ONS is separable. (= contrary to
the theorem above)

Examples for ONS and separable HILBERT spaces
Example 3.7 H= 1, :

M={x={r1,re,....7,0,0...} | n€N; r, €Q; k=1,2,....,n}
Example 3.8 H = Ly[a, b] :

n

M ={P(t) :Zrktk |neN; r, €Q; k=0,1,...,n}

k=0
Example 3.9 H = Ly|—n, 7] : ONS:
eo(t) = \/%; exe1(f) = % cos(kt): ean(t) = % sin(kt): k—1,2, .
f ¢ Lofma] ~ f(t)= % + 3 [ax cos(kt) + by sin(kt)]

=~
I

1 [ 1 [
ow = = _[ F(O) cos(ht)dts b= —= _Z £(1) sin(kt)dt

Example 3.10 Method of orthonormalisation by E. Schmidt

H = Ly(—1,1) 1 M, = {f(t) =t" n=0,1,2,...}; M, =Lsy[—1,1]
The functions £,(t) are linearly independent.

60 = \//_11 1dt = 3

(53] (t) = =

&) = fi—(fe)e=1t- (/llt%mg %

_t1t21_t11 1 _,
N 212, 22 2]

es(t) t t t t
2 = _— = = =
VD e (e,
S S (7
B V2
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e;(t) = fr—(fy,e1)er — (f2, €2
1

Je
= * - (t{ﬁ) % — <t2, gt> ~\/ng
= t2—% ltzdt—\/it/ §t%ht
et mz*r =
o) = R (e g~

The resulting ONS is called LEGENDRE polynomials. The functions e, can also be

given by
/2n+ 1 1 d
n = -1 =0,1,2,...
© (2n)!! dzm (z Vs

2n)ll = 2n(2n—2) 2

Notation 3.4 {e;}°, is a closed ( = complete) ONS in the HILBERT space H
<~ (u,e;) =0 Vi=u=0

Notation 3.5 Every u € H can be represented by u =2, ue;
<= the ONS {e;}°, is complete.

Theorem 3.4 Let H be a separable HILBERT space with the ONS {e;}32,, u € H,
Sn = iy 7:€i; v; € C. Then we get:

1. ||u —s,|| is minimal for v, = u; = (u,e;) Vi
2. lim, o Y i ue; =s € H

3. The series 3.7, |u;|* converges and BESSEL's inequality S22° u;|> < |jul|®
satisfied.

4. If the ONS {e;}s° 1 is complete, then s = u and we get PARSEVAL’s identity:
>y lul* = Jlu®
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Proof. 1)
e G RET T w)
i=1 j=1
= HuH2 - Z%’(eia u) — Z%(‘L ei)+27i7i
i=1 i=1 i=1
= Jul®+ Z(Uzﬂz — Y = u; V) — Zuzﬂz
=1 =1

n n
2
= |uf"+ Z i —,” = Z i
i=1 i=1
We find the minimum in the case u; = ;. Then's,, =", v,&; = > ._,(u, €;)e; implies

0< flu—s,|*=|ulf’ - Z |(u,e;)]> Bessel’s idendity
i=1

3)
Z |(u,e;)]? < |[u||* Bessel’s inequality ()
i=1

Therefore

[ee)

[ee)
Z |(u,e)]* = Z |u|? is convergent

i=1 =1

2) We show that {s, =Y ., u;e;} _ is a Cauchy sequence.

m m
Hsn_sm||2 = (Z Ui€y, Z ujej)
i=n+1 Jj=n+1
m

- 3w

i=n+1
The convergence of S°°°, |u;|? implies [|s, — s[> < & for n,m > ng(e).
H is complete ~ lim,_,,s, =s € H
4) We verify that lim,,_.,.s, = u.
span{e;} = H because of the completness of the ONS (= precondition )

n
~  Ve>0 Jatleast one v € span{e;} | [u—v| <e A v= Zﬁiei; n=n(e)
i=1
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By 1) we get
n
la—su ] = flul* = |(w,e)]* == 0

=1
N

o0

2
hal* = il

i=1

|

Definition 3.6 Let H be a HILBERT space with the ONS {e;}2,, u € H.
The series Y .-, (u,e;)e; is called the FOURIER series of u with respect to the ONS
{e;}2,, the numbers u; = (u, e;) are called FOURIER coefficients.

Example 3.11 We know from doing analysis in the space H = Lo[—m, 7] :

Qo
f(t) = —
() =3+

NE

lay, cos(kt) + by, sin(kt)]

B
Il
—

Example 3.12 H =L§[0,77], i.e. f:[0,7] — C
A complete ONS is:

- 2m
t)=—=e"" kel;, w=—
Then
EOO: kot h ! Tf(t) ket (It
f(t) = e with ¢, = — e
=20 ’ ﬁ/

Problem: The following is known:

u € H and {e;}$°, is an ONS in H. This implies (u,e;) = u; Zf% u;)® < |Jul|?. Is
the opposite correct, too? Does any number sequence with > >~ |y;|” < oo define an
element y € H?

Theorem 3.5 RIESZ - FISCHER

Let {e;}2, be an ONS in the HILBERT space H and {v,}32, be a number series with
D i il <o = IveH|(v,e)=v, Vi A v= > ity viei-

If {e;}2, is closed in H, then v is well defined.

Proof. 1) s, = Y, 7,€; is a Cauchy sequence (see proof of theorem 3.5)
H is complete ~ lim, s, =veH ~ v=>7 ve

(v,er) =lim,_. (Z ’Yiei,elc> =% VEk

=1
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2) Let {e;}$2, be closed. We assume that
Ju,veH| (u,e)=(v,e;) Vi AN u#v

z =u—v implies (z,e;,) =0 Vi A z#0.
Parseval’s identity implies

o0
Z (z,e,)]> = ||z’ =0 ~ z=0 contradiction
i=1

|
Summary:

1. Every element of a separable HILBERT space can be represented by a FOURIER
series:

o0
u= Zuiei; u; = (u, e;).
=1

2. Every number sequence {v;}32, with 3. |7,]> < oo defines an element v of a
HILBERT space uniquely:
i=1

n
Sn = E U; €55 with U; = (ll, ei)
=1

is the best approximation of the element u with respect to the finite basis {e;}._,
(see theorem 3.5)

3.2 Special HILBERT Spaces

3.2.1 The Space C"(R")

Elements: Vectors x = (71 x5 ...z,)T  z; € C(R)

Arithmetic operations: addition and multiplication by numbers are known from
linear algebra.

Inner product/norm: (x,y) = S0 7, |[x]| = />0, |z’
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SCHWART?Z’s inequality: |(x,y)| < |Ix|||ly], i-e-

n n n
D_ali| < | 2 lel e[ D luiP
i=1 i=1 i=1

Basis system: {e;}!; = {(0 ...0e. =10..0)", i=1,2,..,n}
{ei}, is an ONS, span{e;}?; =C", dimC"=n

Properties:

C" is separable: If you calculate span{e;}? , with rational coefficients then you get a
countable subset which is dense in C".

FOURIER series:

e x=73" (xe)e; z;=(xe€) VYxeC"
o |x|I°=3", |z : PARSEVAL’s Equation

e Every n-tuple {z;}? ; can be attached to an element x € C" (RIESZ-FISCHER
theorem).

Remarks:

1. other inner products can be defined:
for example, if A =A*: (Ax,x) >0 Vx#0
~  (x,¥)a = (Ax,y) is an inner product
~ | y)al S x4yl e

n
E aijjﬁ

J,k=1

2 n n
< E akjl‘ﬂ_k'g QY Yk

Jk=1 i=1

2. An example of another finite dimensional HILBERT space is the following;:
P ={X(t) | X(t) = ap + a1t + azt® + ... + a,t"; t € [a,b], a; € C}
b
(X(), Y (1)) = J, X()Y (t)dt

3.2.2 The space [y

Elements: number series x ={x}ro, ¥ ={ur}ry
with ZZO:I |Z’k|2 < 0OQ; zzozl |yk| <00, T, € C(R)
The elements are sequences: x ={x1, z, ...} with the components z;

Arithmetic operations: x +y = {z1 + y1,%2 + ¥2, ...}
AX :{)\l'l,)\l'g,...}; AE C(R)
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Inner product/Norm:

xy) =) @  lxl=
k=1

SCHWARTZ’s inequality: |(x,y)| < ||x|| |ly], i-e-

oo oo oo
D Tk < | D Jeel* | D el
k=1 k=1 k=1

[e.e]
(The convergence of the series ) x;7; must be shown using a different method:
k=1
(Ja] = 16[)* > 0 implies |a|?* — 2|a||b] + |b]* > 0 and therefore 2|a||b] < |a|* + |b]?.

A w2 gl < X g(lal el <o)
k=1 k=1 k=1

Basis systems:
o {e,={0,..,0,e} = 1,0, }}:ozl is an ONS.
o {e;}72, is closed.
e /5 is infinite-dimensional.

Properties: [, is separable. (without proof)
FOURIER series:

o x=3 " (xe)e; z=(xe) Vxecl,
o [x|I° =3 |zi|*: PARSEVAL’s Equation

Remarks about the space 1,; p>1; p#2:

Set of all number sequences x = {zy},-, with > 7 |z;]" < 00

normed by: ||x|| = m

complete

separable

But 1, is not a HILBERT space because there isn’t any inner product with:

el = v/ (%)



3.2. SPECIAL HILBERT SPACES

3.2.3 The space Ly(a,b)

b
Elements: measurable functions f : (a,b) — C, with (L)/ f(t)|° dt < oo

These functions are called square-integrable.
Arithmetic operations: f(t) + g(¢) and. Mf(¢), A € C are calculated pointwise

Inner product/Norm: (f,g) = (L)/f(t)mdt, I£]]” = (L)/ £(t)| dt

a a

SCHWARTZ’s inequality: |(f,g)| < |If| ||g], i-e-

(L) / OO ((L) / f<t>2dt) ' ((L) / g(t)gdt)

a

Basis systems:

A) (a,b)=(-1,1): e,(t)=t" n=0,1,2,..
{en} -, is linearly independent and complete in Ly (—1,1).
Orthonormalising by SCHMIDT implies:

2 1 1/2
e, (t) = < "; ) L, () n=0,12,..

with the LEGENDRE polynomials

1 d° n
b 0= e (4

for example:

L, (t) =t, Ly (t) = % (38> —1)

(58> = 3t), Lg(t)= é (35t — 30t* + 3)

Lo(t) = 1

L; (t) = %

B) (aab) = (_ﬂ-uﬂ-) :
complete ONS:

@0 (1) = % e (1) = % (kt) | (1) = %smm) k=12, .
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Thus:
a [e.e]
f(t) = E—i—; ay cos (kt) + by sin (kt)]
. 1 r 1 7 )
with @ = = / £(t)cos (k) dt by — / £ (1) sin (t) dt
Q m

C) (a,b)=(0,7):
complete ONS I :

D) (a,b)=(0,T):
complete ONS:

1 2
P () = mexp(ihwt)  k=0,5142 W= %
Thus
- T
t) = Z cr exp (tkwt) with ¢ = 1 /f (t) exp (—ikwt) dt
k= ’ r
——00 0
Properties:

e The space Ly(a,b) is infinite-dimensional.
Proof: Assume [¢,d| C (a,b) with —co < ¢ < d < oo and

£ (1) :{ t™ for t€c,d]

0 otherwise

then f,, € Ls(a, b) and the set {fy (¢) ,.

., £ (t)} is linearly independent in L (a, b)
for any m € N. Therefore dim (ILy(a, b)) =

Q.

e [Ly(a,b) is complete and separable. If (a,b) is a finite interval then the set of
polynomials with rational coefficients is dense in Ly(a,b). Every f(t) € Ly(a,b)
can be approximated by such a polynomial with any accuracy.
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e The elements of Ly(a,b) are classes of functions. f;(¢) and f5(¢) belong to the
same class if f1(¢) = £5(¢) almost everywhere over (a,b), i.e. if f;(t) # f2(f) on a

b
set of measure zero or (L)/ Ifi(t) — £2(¢)| dt =0

FOURIER series:

Using the basis systems B), C) and D) we get the common FOURIER series.
Remarks:

e about the space L, :
The space L, of all measurable functions f(¢), p > 1; p # 2, whose absolute value
raised to the p-th power has a finite integral is not a HILBERT space. (For p # 2
there doesn’ t exist an inner product such that ||f|| = \/(f,f).) That means

() / B dt < 0o; [[f]] = §/<L> / £ d.

These functions are called: “to the p'" power integrable functions”.

e The set C, [a,b] of all continuous functions over [a,b] with the inner product

b
(f,g):/f(t)-Mdt for any f,g e Cla,0]

is a pre-HILBERT space, but not a HILBERT space. But: C, [a, b] with this inner
product is a dense subspace in L, (a,b).

e The reason for the definition of the inner product in the space Ly (a,b) by LE-
BESGUE integrals is, that the definition by RIEMANN integrals leads only to
a pre-HILBERT space. The LEBESGUE integral is more general than the RIE-
MANN integral. For example, you need more stringent requirements for changing
integral and limit
b b
tim (£, (1) dt = / Tim £, (1) de

in the RIEMANN integral than in the LEBESGUE integral.
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3.2.4 The space Ly(G); G CR", G # &; G measurable

Elements: all on G defined functions f :G — R (or C) with real or complex values,
which are measurable, with
(L) [|f (x)]* dG < oo. These functions are called square-integrable on G.

G

Arithmetic operations:

af+0g € Lo (G) because (af+pg) (x) =of (x)+0g(x) x€G
Vi, g € Ly (G) and Vo, € R (or Vo, g € C)

Inner product/norm:

te)= [t Gt = | [IfGoP dc

G

SCHWART?Z’s inequality: |(f,g)| < ||f| ||g]l, i-e.

[t a6 sJ/ﬂxﬁdG-J/gde

G

Basis systems: H=IL, (—00, o) : f,(t)=t"exp(—3t*) n=0,1,2,...
{ £.} is linear independent and complete in Ly (—00, 00) .
Orthonormalising by SCHMIDT implies:

1 1
t) = — —t*) H, (¢ =0,1,2,...
eu®) = —ow(—3¢) B o
with «a, = 2nnl\/T

and the HERMITE polynomials

for example:

Properties:

e L, (G) is a separable HILBERT space.
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e The elements of Ly (G) are classes of functions like in the space Ls (a, b).

e If G C R" is open then dim (Ly (G)) = oc.
If G is open, then there exists a cube

C:{X:<£17"'7£n) €R" | _Oo<ak<€k<bk<oo}
with C C G. We define

& for x=(&,&,,...¢,) €C
fm(x>_{01 for XGR”I\QG. '

This implies that £, (x) € Ly (G) and so the set {f (x), ..., f,, (x)} is independent
in Ly (G) for any m € Ni.e. dim (Ly (G)) = oo.

Remarks:

1. C(G) — space of all continuous functions which are defined on G:

C(G) C Ly (G).

2. C™(G) — space of all functions defined on G which have a continuous partial
derivative of order £k = 0,1, ..., m.

3. Cy (G) — space of all continuous functions ¢ defined on R” wich have a com-
pact support in G:
ie.

Co(G)={p e C(G) |p(x)=0 for Vx¢G}.

4. CJ" (G) — space of all functions p€ Cq (G), which have continuous partial deri-
vatives of order kK =0,1,...,m.

8011+.-.+04n(p (X)

n
Yoap<m
0x{*...0z8n

€ Cy(G) k=1

X = (21, ..., Tp)

Co' (G) =1+ €Cl(G)

5. C° (G) — space of all functions p€ Cy (G), which have continuous partial deri-
vatives of any order, i.e. ¢ € C° (G), if ¢ € Cy' (G) for m=0,1,....
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3.3 Isometry of HILBERT spaces

Definition 3.7 The HILBERT spaces Hy, Hy are called isometric, if there exists a
untque mapping f : Hy — Hy with:

o flau+pBv)=af(u)+Bf(v)
e (u,v)=(f(u), f(v)) Yu,veH,VapgeC

Conclusion 3.2 This mapping is even a one-to-one mapping:
Proof. Assumption:

fwm) =x; flus)=x A w#u

This implies

flug —uwp) = f(w)— f(uy) =0
Ju — 112”2 = |[f(u) - f(112)H2 = ||0[| =0

u; =— us contradiction
|

Notation 3.6 In the application of this isometry, all charactristic properties of a nor-
med space are kept. Thus such spaces are considered as the same, they are identical.
(see for example the real numbers and the points on the number line or the complex
numbers C and the vectors of R?).

Theorem 3.6 Any two separable infinite dimensional HILBERT spaces Hy and H,
are 1sometric.

Proof. u,v € H, H; is separable

~u=30T wen u=(u,e); V=37 vep v = (U, e);
{ei}, is a complete ONS

Z |uz|2 < ||u||2 < oo (Bessel's inequality)
=1

The Riesz-Fischer theorem says that then exists an element x € Hy with the Fourier
coefficients u; :

X = Zuigi; {g:}2, is a complete ONS of H,

=1
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Now we define a mapping
flu)=x= Zuigi (%)
i=1

Further let be f(v) =y =", vigi
Mapping (x) is an isometry: Property 1:

flacu+pv) = f Oéiuiei +ﬁ§:viei)
i=1 i=1
= f agi%oiuiei + BHILHOlo ivi@)
i=1 i=1

n—o0 4

o0

4 Z(@Ui + fv;)g;

i=1

= af(u) +5f(v)
Property 2:

(). 1(v) = (Zu@-gi,zwgo = um
= (Z:; u;€;, z:; vjej>

= (w,v)
|

Notation 3.7 The classification depends on the choice of the ONSs. For example, 15
and Ly are only two different implementations of the infinite dimensional HILBERT
space.

3.4 Orthogonality and Subspaces

Definition 3.8 The proper subspaces My C H and My C H of a HILBERT space H
are called orthogonal if and only if the inner product (u,v) =0 Yu € M;,Vv € M.
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This means that all elements of M; are orthogonal to every element of M.

Definition 3.9 For any subset M of H the set M+ = {v e H| (u,v)=0 VYue M}
15 called the orthogonal space with respect to M.

Theorem 3.7 Let M C H be a (proper) subset of the HILBERT space H. Then M=+

s a closed subspace of H.

Proof. 1) We show: M~ is a linear space:
w,u EM-, veM ~

(ug,v) = 0= (uy,V)
(au; + fuy,v) = a(uy,v)+ p(ug,v) =0
~ auy + fuy € M+

2) We show: M+ is closed.:
u € (M+)" implies
Huw, )22, juw, € M* /\nh_g)lo u, =u
(w,,v) = 0 Vn, ¥YweM
Because of the continuity of the inner product we get
(u,v) = JLIEO(U”’V) =0 ~ ueM*

n
Conclusion 3.3 If M is a subspace of H then the intersection M N M+ = {0}.
Conclusion 3.4 If M = H then M+ = {0}.

Conclusion 3.5 Let M C H be a (proper) subset of the HILBERT space H, u € H
and {u} L M, then {u} L spanM.

Theorem 3.8 PYTHAGOREAN theorem
If ui,uy,...,u,€ H are pairwise orthogonal elements of the HILBERT space H , 1i.e.
(u;,uj) =0 for i # j, then

s+ + e w P = ]+ el 4

Definition 3.10 Let V, W C H be closed subspaces of the HILBERT space H. If every
u € H is uniquely described as the sumu=v+w withv € V and w € W then H is
called the direct sum of the subspaces V and W: H=V & W.
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Definition 3.11 W C H is called an orthogonal complement of the closed subspace
VCcHifand only if W1V A H=VeW.

Theorem 3.9 The orthogonal complement W of a closed subspace V C H of the HIL-
BERT space H s unique.

Theorem 3.10 Let W be the orthogonal complement of V, that means W 1L 'V A
H=V&W, H: HILBERT space. Then every u € H may be decomposed uniquely into
the sumu = v+w of an element v € V and an element w € W such that (v,w) = 0.

v is called the orthogonal projection of u onto V and w is called the orthogonal
projection of u onto W.

The mappings P : H — V with Pu = v and Q : H — W with Qu = w are called
orthogonal projectors (orthoprojector) onto V or onto W.

H=R3, V=R%, W=R

Remark 3.11 The orthogonal projector P is a linear bounded operator with |P|| =
1.

Proof. v, =v;,+w;, i=1,2

P (au; + fuy) = P(a(vy+wy)+ [(va+ w))
= P((avi + Bvy) + (aw; + Bwy))
= avy+ /BVQ = aPu1 + ﬁPug; Vul, U € H
Pul® = (VI < IVI* + [wl* = lu* Ya=v+wecH

On the other hand |Pu|| = ||ul| is satisfied for every u = v € V| and hence ||P|| = 1.
u

Remark 3.12 Q =1 — P (I- identity operator )
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BEST APPROXIMATION IN HILBERT SPACES

Theorem 3.13 Let U be a closed subspace of the HILBERT space H and u be an
arbitrary element of H.
There exists a unique element uy € U with

@) Ju— o = min fju— v and
b) (u—ug,v) = 0 for VveU, ie u—ue Ut

ug 18 called the best approximation of u € H with respect to the subspace U.
Proof: see literature (Kantorowitsch/Akilow)

Meaning: uy minimises the distance between u and the elements in U. The proof
consists in showing that every minimising sequence {u,} C U\ {up} is Cauchy, and
hence converges to a point in U \ {ug} that has minimal norm.

Remark 3.14 The minimisation problems mil?J |lu—v| and mi%F (v) with the
v E vV E
quadratic functional
1
F (V) = 5 (V>V> - (ll, V)
are equivalent in HILBERT spaces over real fields because of:

1

2 2 2
= = () = 2(0%) + (0¥) =2 3 (0%) = (09)] + [l =28 () + [
Theorem 3.15 Let U,, be an n—dimensional subspace of the HILBERT-space H and
e, ...,e, be a basis in U,. The best approrimation ug € U, of an arbitrary element
u € H can be written as a linear combination of the basis elements such that

Uy = E aLer.

k=1

The coefficients oy, are the unique solution of the system of linear equations
n
(u—uo,ei):(u,ei)—Zak (ex,€;) =0, i=1,..n.
k=1

Proof. Using the theorem above it is sufficient to remark that the condition

(u—ug, v) =0 for every v € U, is satisfied if and only if this condition is satisfied for

all elements of the basis, i.e. if and only if (u — ug,e;) =0 (i = 1, ...,n). The system of
linear equations arises by substitution of the ansatz uy = > ayey into the condition

k=1
(u—uy,v)=0vVvel, =
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Notation 3.8 This theorem is the foundation of the numerical solution of maximum
and minimum problems (quadratic variational problems).

Example 3.13 H=I,[0,1]; Let U, C H be the subspace with the basis functions
o, (t)=tF (k=0,1,...,n). Hence dimU, = n+ 1. Let f (t) be an element of L,[0, 1].
The ansatz of the best approximation f,(t) is then

£ (1) = D e 1),

N
(u—ug, ) = (u,ei)—Zak (er,€)) =0 i=0,1,..
k=0
<
Zak (onn()oz) = <f7 907,) i:O,l,...,n
k=0
(o p0) (s o) ap (f, o)
z z z = : (*)
(PosPn) PPy ay, (f,%,)
with

(on @) = / on(tpr Bt = / i =
(f.01) = / (i)t = / F(t)tid.

(%) is the system of linear equations for the continuous approximation of f(t) in the
quadratic mean (method of least squares, see numerics). We get

1
lim [ (£,(t) — f(¢))%dt = 0: convergence in Ly0, 1]

n—oo 0

Notation 3.9 Ife,...,e, is an orthogonal basis system in U,, i.e. (e, e;) = Op; E;,
then a; = (u,e;) /E; and therefore

" (u,e
u =)y ( E,f)e’“'

k=1

This is the beginning of a FOURIER series, i.e. the FOURIER series leads us to the
best approximation.
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Example 3.14 H = 1,0, 27| and f (t) € H is given.

U, = spcm{\/% , o=cos (kt) , —=sin(kt) k=1,2, n}

£, () ;‘2”7+;
G = (f% :/O%f(t)\/%dt

(f, o ): % /0 8 (1) cos(kt)dt
8, — (f%) :%/O%f(t) sin(kt)dt: k—1,2,...n

In general the factors are hidden in the coefficients oy, 3, and we get the usual des-
cription of a Fourier series such that

Q. =

27
lim (£.(t) — £(t))%dt = 0: convergence in |0, 27]

n—oo 0

3.5 Linear Operators in HILBERT Spaces

3.5.1 Adjoint, symmetric and monotonic Operators

If we are interested in the solutions of linear time independent operator equations
Au = f then we have to study the properties of the operators. Examples of such
problems are

e the calculation of static electrical fields,
e research involving the balance of forces in mechanical systems,

e all problems which lead us to systems of linear equations.

We want to compose classes of problems whose solutions have similar properties. If the
operator is a matrix then the properties of the matrix determine the properties of the
solution. For example you know what it means when a matrix is symmetric or positve
definite. Therefore we must generalise such matrix properties to abstract operators in
the HILBERT space.



3.5. LINEAR OPERATORS IN HILBERT SPACES 73

Definition 3.12 Given a linear operator in the HILBERT space H with the domain
D(A) C H and the range H; D(A) = H. The set

DA")={xeH | dye€H with (Au,x) = (u,y) Vue D(A)}

is a subset of H. Then the operator A* : D(A*) CH — H with A*x =y is called
the adjoint operator (or Hermitian conjugate) of A. Thus

(Au,x) = (u,A™x) for Yu e D(A),Vx € D(A").

Thus the adjoint operator is the generalisation of conjugate transposes of square ma-
trices.

Definition 3.13 Let H be a HILBERT space. Given the linear operator A :
D(A) CH — H with D(A) =H. A is called

e symmetric <= (Au,x) = (u,Ax) Vu,x€ D(A),
ie. A*x =Ax Vxe D(A) AN D(A)C DA

e selfadjoint <= A = A* ie. A*x=Ax Vxe D(A)= D(A¥)
e skew symmetric <= (Au,x) = —(u,Ax) VYu,x € D(A)
e skew adjoint <— A = —A"

e compact < V {x,} C D(A) | ||xu|| < M < oo Vn I {Azz} C {Azx,}2, |
limg; 0o Az = X € image(A)

Example 3.15 H=R"; A = (ay)},=;; Au= (Zn aijuj)n ;. D(A)=H
’ i=1

Jj=1

(Au,x) = <Zn: al-juj,x> = Zn: (z”: aij”j) T
j=1 i=1 \j=1

n

= > (Z “Ji“z’) o (Le— )

j=1
n n
- (S ) -
i=1 j=1
A" = (a:j)ijl = (aj’i)ijl

In case of real matrices the operator A* is the matrix AT. In case of complex matrices
the operator A* is the conjugate transposed matriz A*.
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Example 3.16 H = Ly[a,b]; (Au)(t) = fab K(t,s)u(s)ds; D(A)=H, K=R(=
C)

awx - [ b [ / K, s>u<s>ds] x| " a(s)y(s)ds

<~

=

/b K(t,s)x(t)dt = A*x;

A(u(s) = / K(t, s)u(s)ds

A*(u(s)) = / K(s,t)u(s)ds
A = A" <= K(s,t)=K(t,s)

In the case of complex functions and a complex field we get K (s,t) = K(t,s)
Properties of the adjoint operator:

1. A* is linear.
2. (dA)* =TA*

3. Let T : H — H be a linear bounded operator. =—> 3 a unique operator T",
which is linear and bounded, too, with ||T|| = || T*| .

4. (A*)" = A, because of:

(A"u,x) = (u,(A")"x)
= (x,A™u) = (Ax,u) = (u, Ax)

Definition 3.14 The linear operator A : D(A) C H — H is called positive definite,
if and only if: (Au,u) > C ||u|®> forVue D(A), CeR, C>0

3.5.2 Eigenvalues of Operators

Definition 3.15 The complex number A € C is called the eigenvalue of the opera-
tor A : H — H, if there exists an element x € H, x # 0, such that Ax = \x. Every
x # 0 with Ax = A\x is called an eigenelement of the eigenvalue .
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Properties :

. A:-H—H; A=A" ~ (Ax,x)eR Vx
Proof:

(Ax,x) = (x,Ax) = (Ax,x)

2. A-H—H; A=A* ~ Alleigenvalues of A are real numbers.
Proof: Ax=Xx ~

(Ax,x) = (Ax,x)
(Ax, x) L

2
[l

3. A-H—H; A=A* ~ Eigenelements which belong to different eigenva-
lues are orthogonal.
Proof: Ax; = \ix1; Axs = \oXg; A, A ER; A # Ay
N

(Ax1,Xy) = Ai(x1,%y)
(Axy,x,) = (x1,Ax,) = A2(x1,X%X,) because of A = A*

Therefore we get

AL(X1,Xy) = Aa(x1,Xy)
(A1 = A2)(x1,%5) = 0

Because of A\; # Ay we get (x1,%,) = 0.

4. AH—-H A=A% ~ [A]= sup|(Ax,x)| (without proof)

l[x[I=1

Example 3.17 H=C" T :H—H; T = (t;)};_;

Tx = y with yk:Ztijj; k=1,2,...n
j=1
Tx = <= (T-AI)x=0
x # 0 <= det (T — AI) =0,

I=(6i;)7j=1 : identity operator; The eigenvalues of the matriz (t;;);;—, are the eigen-
values of the operator T.
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a2 .
a2

Example 3.18 Consider the differential operator D =
tinuously differentiable and

x(t) is at least twice con-

x(0) = x(7) = 0; = That means x(t) € C?|0,7|. But this space is only a BA-
NACH space, not a HILBERT space!!

d? !
Dx = ﬁx(t):/\x(t) A x(0)=x(7)=0

The eitgenvalue problem corresponds to a boundary value problem of an ordinary diffe-
rential equation of second order with constant coefficients. With the ansatz x(t) = e
we get the characteristic equation

a?=A=0 ~ al/in\/X

therefore we get the general solutions:
Case 1: A >0 :

) = Cre¥ + eV A x(0) = x(1) =0

x(0) = C1+Cy=0 ~ Cy=-C

x(m) = CreVN 4 Cye VN

= C’le‘/Xl — C’le"m 10— Ci=0<=x(t)=0

X

—~

Case 2: A =10
x(t) = Ci1+Cit AN x(0)=x(m)=0
x(0) = Cy=0
x(7) = Ch-m=0<=Cy=0<=x(t)=0
Case 3: A < 0:

x(t) = Cicos(V—=At)+ Cysin(v—At) A x(0)=x(m)=0
x(0) = Cycos0=C =0
x(m) = Cysin(vV—An) S0 C=0 V sin(v—=Am) =0
Cy = 0 is not constructive. Therefore
sin(vV—Ar) = 0<=V-Ar=kn
= N\, = —k?
< xi(t) = Cysin(kt) ke Z.

Only for the eigenvalues N\, = —k* we get nontrivial solutions.
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That means x(t) €. But C?[0,7] is only a BANACH space, not a HILBERT space and
we do not know an inner product in this space. That’s why we can not use the Fourier
series.

Theorem 3.16 Let A : D(A) C H — H be a self adjoint, positive definite opera-
tor with a countable system of eigensolutions {\g, ug}32,, such that the eigenelements
{ui}2, are a complete ONS in H. Then

1.

o

Au = Z)\k(u,uk)uk for

k=1

Vu € D(A)={ucH]| Y |[A(u,u)f <o}

k=1

2. 3A 1V H—H;, A~!is linear and bounded.

1
A7 = Z)\—fukuk vf € H

|ATE]| < 5 Ifl with 0<C <M\ <A<

3. The solution of the operator equation Au=f, f € H can be written as

(e o]

_ 1
u=A 1f—Z}\k(f u,)uy.

(without proof)

Notation 3.10 7o prove and use this theorem a HILBERT space is absolutely necessa-
ry! If you don’t have a HILBERT space then look for an embedding of your problem in
a HILBERT space.

Notation 3.11 The following conditions are equivalent:

1. ue D(A)

2. E Ar(u, ug)uy is a convergent series in H.
k=1

3. Z |Ax(u, ug)|? is a convergent number series.
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3.5.3 Linear Functionals

Definition 3.16 Operators in a HILBERT space H over the field K (R or C) which
map from H to K are called functionals or linear forms: f:H — K.

Definition 3.17 The functional f:H — K s called:
e linear, if: f(au+ pv) = af(u) + ff(v) Vu,veH Va,p €K
e bounded, if: IM e R, M >0 | |f(u)]< M|u|]| YueH

e continuous, if: lim, ., u, = u implies lim,,_,, f(u,) = f(u);
u,,u € H.

Definition 3.18 Given a linear bounded functional £ : H — K. The number

Il = sup [f(w)], uweH

[[uf=1

= inf{M eR | |[f(u)]| < M|u|]| VYueH}
15 called the norm of the functional.
Analogous to the operator theory we can prove the following theorem (homework):

Theorem 3.17 A linear functional in the HILBERT space H is continuous if and only
if it is bounded.

Theorem 3.18 Let H be a HILBERT space H over the field K and ug be any fized
element of H. Then f(x) = (x,ug) defines a linear functional in H.

Proof.
flax+py) = (ax+ By, )
= a(x,ug) + Ay, ug)
— af(x) + BE(y)
[

Notation 3.12 A in that wayl defined linear functional is continuous:

1) Ife0)l = [(euo)l < Ixllflwoll  ~ 5 < Jluo

[l

f(x
2) ) < M=if{CeR| |f(x)] <CIxl[}=f] ~ [l <|uoll

[l

|f(uo)|

Taoll = |18

3) [f(uo)| = [(uo,uo)| = [luol* implies

Therefore we get ||f|| = ||uo||. This means £ is bounded. ~ f is continuous.
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Theorem 3.19 The HILBERT space representation theorem (RIESZ)

Let H be a HILBERT space H over the field K with the inner product (.,.) and let £(x)
be a continuous linear functional in H. Then there exists a fized unique element ug € H
such that f(x) = (x,u,) Vx € H and ||f|| = ||uo|| . (without proof)

Example 3.19 o) H =R" with (x,y) =>_ zxyx; f:R* =R
k=1
f(x) = (x,a) :Zxkak; ac R" ais fivred
k=1
b) H=1 with (x,y) =>_ x7,; f:la—>C
k=1

f(x) = (x,b) :Zﬁkgk; b = {by,bs,...}; b is fired

k=1

¢) H =Ls[a, b with (x,y) = [*x(t)y(t)dt; f:Lgfa,b] —C

(x) = / (OBt go(t) € Lala, bl; go(t) is fived

Notation 3.13 In the spaces L, or. 1, with p # 2 the common shape of continuous
linear functionals is given by f(x) = (x,u), too, withu € L, (oru € 1,) and ]% + % =
1; 1< p<oo. To prove this we need the Holder inequality:

= (2, )’ (2’ <

< ([ras) ([ara) <o

Definition 3.19 Given a sequence {x,}5°, in the HILBERT space H.
If lim,, . f(x,) = f(x) for every linear continuous functional £ on H then {x,}5°,
tends weakly to x € H as n tends to infinity. We write: X, — X

L

P

fgdx

Notation 3.14 Norm convergent sequences {x,}52, C H are called strongly conver-

gent. That means: ||x, — x| — 0.

Theorem 3.20 The strong convergence implies the weak convergence.

Proof.
n—oo

[£(xn) — £(0)| = [£(xn = %) = (%0 — %, 1) | < [Juo]| [ — x| = [[£[] [|xn = x|[ —0
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Notation 3.15 The converse is not true.

Example 3.20 H =L,[0, 7] with f(x) = [ x dt; y € Lala,b]; y is fixred and
real.
We consider the sequence x,, = x,(t) = sin(nt); n €N

£(x,) = /O " sin(nt)y(Ddt

n—oo

f(x,) are the Fourier coefficients of y(t) without the constant factor. Thus: f(x,) == 0
and

f(x,) == 0= /Oﬂ()-mdt =f(0) Yy € Ly[0,7],

i.e. for all functionals f. On the other hand we get
2 i 2 ™ L.
|x, —0]|" = / (sin(nt) — 0)°dt = B contradiction
0

— {x,,} tends weakly to 0, but not strongly.

3.5.4 Bilinear Forms

Definition 3.20 A bilinear form on a HILBERT space H over the field K is a bilinear
mapping a : H x H — K. That means:

a(ou+ fv,w) = aa(u,w)+ pa(v,w)
a(w,au+ fgv) = aa(w,u)+ pa(w,v) VYu,v,weH, Vo, e K.

Definition 3.21 The bilinear form a : H x H — K s called
e bounded, if there 3 C >0; C e R | J|a(u,v)| < Cul|v]] VYuveH
e symmetric, if a(u,v) =a(v,u) Yu,veH
e positive semidefinite, if a(u,u) >0 YueH

positive definite, if a(u,u) > C'|ul>* YueH A C >0, C = const.

Example 3.21 H = R" with (u,v) =Y wivg;  a(,.):R*xR* - R
=

a(u,v) = (Au,v) Z iUV = (aij); j—

2,j=1

a is symmetric (positive definit) if and only if the matrix A is symmetric (positive
definit).



4 Variational Calculus

From the classical analysis the search of local extrema of a real function is known:
We are looking for real numbers zg, for which a given a real function f (z) has a local
(or relative) maximum or minimum point. That means:

Definition 4.1 Let the domain X of f(x) be a metric space. Then f is said to have
a local (or relative) mazimum point at the point xo if 3 € >0 | f(zo) > f(z) Vo € X
with d(xg, x) < €. Similarly, the function has a local minimum point at xq if
de>0] f(zo) < f(x) Vo € X within distance € of xy.

If f(x) is a differentiable function the critical points can be found by the necessary
requirement f’(zp) =0 . To decide wether z; is a maximum or a minimum we take
the second derivative test or the higher order derivative test which use the values of
higher order derivatives at z, . (sufficient requirement).

Calculus of variations deals with maximising or minimising functionals in common
function spaces X and it is possible to generalise the way above.

Given a functional f (u) : X— R. Wanted functions uy € X, such that f (uy) is a
minimum or a maximum with respect to the elements of an environment of ugy. Solving
this problem we have to generalise the derivatives f’, f”, ... of a real function f (x) and
the necessary and sufficient conditions for an extremum.

4.1 Variation and Derivatives of Functionals

Let X be a normed space over the field K =R and f : U (up) C X — R a functional,
which is defined in the environment U (ug) of uy.
Then ¢ (t) = £ (up + th) is for every h € X a real function of the parameter ¢ € R.

Definition 4.2 §f (up,h) =
h. The n** variation §"'f (u
derivative of ¢ (t) att =0

¢ (0) is called first variation of f at uy in the direction
0, h) of the functional f at vy in the direction h is the n'

6"f (ug, h) = ™ (0) n=12..

Definition 4.3 If the first variation 6f (ug, h) exists for every h € X and if it is linear
and continuous then the GATEAUX derivative f' (up) (-) : X — R of the functional
f at ug is defined by

f' (ug) (h) = 6f (up,h) fiir VheX

81
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Definition 4.4 The GATEAUX derivative ' (ug) is called FRECHET derivative,
if

f(up+h)—f(uw) = f'(u)(h)+ |hle(h)
with limeth) = 0 fir YheX

h—0

Example 4.1 X =R, f (u) is a continuous and differentiable function: u = x € (a,b)

f:(a,b) CR—R.
1% variation of f:

df (x)

d
5f(u,h):%f(x+th)|t:0: - h = df (x)
2 pariation of f:
d? d*f (x)
2 2
0°f (u,h) = =5 £ (x +th)|,_o = ——>—h

d
That means the GATEAUX derivative is the ordinary derivative d_xf (x) .

If £ (u) is twice continuously differentiable the FRECHET derivative exists. From
the TAYLOR series we get then for f (u) at u =x

fu+h)—f(u) = dz;x)thde(f)h;:dfd—g)the(h)h

with  |le(h)] — 0 as h—0.

Example 4.2 X =R", u =X=(21, 29, ..., 1,)", £ (u) = f (21, ..., z,) is a continuously
differentiable function
f-MCR" — R.

1! variation of f: is the directional derivative of £ (u) at u =X € M in the direction
H
h=h = (hy, ..., hn)T T. If h is normelised we get:

d
0f (u,h) = %f(ﬂUl—l-thl,---aun"i_thn)‘t:O

" Of (X)
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2 yariation of f :

n_ Of (?—Hﬁﬁ)
d
2 — R
Pf(wh) = - 3 o hi
= t=0
" 9 (X) N

with the estimation .
£ (w) (b)) < [|grad (£ (%))]| || B

If f is continuously differentiable in an environment of X then the GATEAUX deriva-
tive exists at X .

FRECHET derivative: From the TAYLOR series we get then:

futh)—f(u) = grad (f(X) K+%<G(Z’)K,K)
= ' (u (% +HH e (1)
with
gl )58 < e @ -0 o5 -

If £ is twice continuously differentiable in an environment of X the FRECHET deri-
vative at X eists.

Example 4.3 Let X = H be a HILBERT space and
1
f (u) = 5& (ua u) - (ba Ll)
be a quadratic functional f : H — R with the symmetric bounded bilinear form

a(.’.)

la(u,v)[ < Cluffv]  YuveH
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and the linear functional (b,u) with b € H fized.
We define

p(t) = f(u+th):%a(u+th,u—|—th)—(b,u+th)

1 1 1 1
= §a(u, u) + 52 (u,th) + 52 (th,u) + §a(th,th) — (b,u) — (b,th)
2

_ %a(h,h)+t[a(u,h)—(b,h)]+f(u)
1% variation of f:
5f (w,h) = ¢ (0) = a (u, h) — (b, h)

2 pariation of f:
§%*f (u,h) = ¢” (0) = a(h,h)

GATEAUX derivative:

f'(u) (h) = a(u,h)—(b,h) and
£ (w) (h)] < (C'luf +[[b]]) b

If there exists a linear operator A : H — H with
(Au,h) =a(u,h) VheH,

then GATEAUX derivative is f' (u) = Au — b.
The FRECHET derivative exists because
1
f(u+h)—f(u) = a(u,h)—(b/h)+ §a(h,h)
= f'(u) (h) + ||h e (h)
with
e (B)| = =
2 [/

1 .
la(h,h)| < SCh| =0 fir |l — 0.

Example 4.4 In typical onedimensional variational problems the functionals are defi-
nit integrals:

b
f:X—>R mit f:f(u):/F(x,u(:r),u’(:r)) dx

with the so called LAGRANGE function

F=F(z,u(x),u (2)); F:la,b) xR* =R fir VY u(z)eX=C(a,b),
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Let F be twice continuously differentiable with respect to all variables and u(a) = u,
plus u(b) = wy

ol
Now we calculate the first variation of f (u) with h €C (a,b) (uniform convergence!)
b
¢ (t) = f (ug+th) = /F (z,ug (z) + th(x),uy (x) + th' (x)) dz,

o (1) = / (Fy (2, 00, ) W (2) + F, (1, ug, u) b ()] d.

a

Because of h (a) = h (b) = 0 we get by integration by parts

of (ug,h) = &' ()|
b

= /[—% W (I‘,uo,ua)_’_Fu('xquau{)) h(ff) dx.

Because F' is twice continuously differentiable, we get

£ (ug+h) — £ (ug) — /[F(g;,uo(x)+h(x),ug(x)+h'(x))—F(x,uo(g;),ug(x))] du

a

= / [Fy (x,ug,up) h(z) + Fy (z,u9,uy) h' () + he(h)] dz

with  |le(h)|] — 0 for h — 0. By integration by parts we get
b b

= / [Fu (z,u9,up) — O%Fuz (:r,uo,ug)} h dz + /he(h) dr,

a a

If h — 0 then the 2 integral tends to zero, too. ~ The FRECHET derivative
exists.

f' (ug) = F, (x,u9,uy) — —Fyr (x,ug, uyp)

dx



86 KAPITEL 4. VARIATIONAL CALCULUS

4.2 Extrema and Variational problems

We concern functionals f on the Banach space X = B (Hilbert space X = H) and look
for their extrema.

Theorem 4.1 Necessary requirement for an extremum:

If there is at uy € f) a local extremum of f : D C X — R, D open, then

5f (up;h) =0 VheX (+)

o
Definition 4.5 Points ug € D where the condition (x) is satisfied are called critical
or stationary points of f. A saddle point is a stationary point which is not an
extremum.

Definition 4.6 The variational problem on X is: Wanted the stationary points of f.

If there exists the FRECHET derivative f’ (uy) then you can prove the following theo-
rem:

Theorem 4.2 [f f: D C X — R is a FRECHET-differentiable functional and is
ug € D the place of a local extremum of £ then its FRECHET derivative vanishes:

f/ (uo) =0.

This equation ist called EULER-LAGRANGE equation or EULER equation.

Proof. Let uy € i):) be a local minimum point of f.
~f(u) >f(u) VYueU(u)

We define
u=uy+th; t>0;, heX; |h||=1

Because of the existance of the FRECHET derivative we get

f (ug+ th) = £ (o) + ' (o) (th) + [[th] e (th)  with  lime (th) =0

Thus
0 < POt ZT00) ) ) + ) e (th) = £ () () + ¢ (1)
0 < f'(u)(h) VheXmit |h]|=1, da lgrg)e(th) =0
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Using —h instaed of h we will get:
0 <f'(ug) (=h) = —f'(ug) (h).

Therefore
f'(ug) (h)=0 VheX; |h]=1.

Arbitrary elements of X can be represented by v = Ah with A € R.~

M (up)(h) = 0 VheX
f'lug)(v) = 0 VveX

Example 4.5 Formulation of the variational problems for the previous examples:
d

Ezxample 4.1: The EULER-LAGRANGE equation d_f (x) = 0 corresponds to the ne-
X

cessary requirement for an extremum of f (x) .

Example 4.2: If the EULER-LAGRANGE equation is satisfied:
grad (f (ug)) =0

then ug is a stationary point of £ (necessary requirement for an extremum of f (x)).
Example 4.53: If the EULER-LAGRANGE equation is satisfied:

A'Ll()—b =0
then ug € H is a stationary point of f.
In the example 4.4 the domain X of f is not a space or a subspace, but a manifold of
a BANACH space.
4.3 Constrained Extrema

Let X = B be a BANACH space (or a HILBERT space X = H ). V is then a subspace
of X, f: X — R a functional, u* € X. Then

M=u"+V:={u"+v|veV}

is a linear manifold. We concern the constraint f|y and look for their extrema, i.e. ug

is an extremum of f with the additional condition ug € M. Let the functional f be
FRECHET differentiable.
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Definition 4.7 Points uy € M with f'[ug] = 0 Vh € V are called constrained
extrema of £ with the additional condition uy € M.

Definition 4.8 Variational problems on a manifold:
Wanted the stationary point ug of £ with the additional condition ug € M.

Theorem 4.3 f: D C X — R is a FRECHET differentiable functional, V a subspace
of X, u* an arbitrary fized point of X and M = u* +V a linear manifold of X. If
the constraint £, has an extremum at uy then the EULER-LAGRANGE equation is
satisfied there:

f, (110) = 0.

Proof. We define the functional
f(v)=f(u*+v) Vvev.
which maps V in R. Because f is Fréchet differentiable we get for every v,h € V:

f(v+h) = f(u'+v+h)
= f(u" +v)+f (u +v)(h)+ |h]e(u*+ v, h) with }llin(l)e(u*—l—v,h):O

With e(v,h) = e(u* + v, h) we obtain
f(v+h) =f(v)+f (u*+v) () +|h|e(v,h) VveV

and therefore R
f' (u* +v) (h) =f'(v) (h)

The theorem above implies f’ (vo) (h) =0,ie f'(u*+vp)(h)=0 VYheV

~

for every extemum vy € V of f. With
uy = u* + vy
we get the statement f/ (ug) = 0. |

Example 4.6 Consider example 4.4. The condition there implies

5F(u07h) =0
/ d
B /l_%Fu’ <x7u07u6)+Fu ('Tuu07u€)) h((L‘) dz.
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ol
for every h €C (a,b). Thus we get for a critical point of f the EULER-LAGRANGE

equation

d
7 (
or (if we differentiate):

Fy (z,u,u)) = Fy (z,u,u) (EG),

Fu - Fu’z - Fuu/u’ - Fu/u:u” =0 (EG)2 .

In this case the EULER-LAGRANGE equation is in general a nonlinear ordinary
differential equation of 2*4 order for the function u(z) (with boundary values).

Example 4.7 Wanted the beeline between the points Py (xo,y0) and Py (x1,y1) (with
xo # 1) in a plane. Let u = u (x) be the function of the curve which connect the points
Py and P(z,y). The length £ (u) of this curve is then:

f(u) = 7\/1 + (W (2))%de

with the LAGRANGE function

Using
Fy=0 and Fy= =
1+ (u (2))*
we get the EULER-LAGRANGE equation
!/
)
T+ (W ()
~
= S
1+ (u (2))*
(u/)2 _ C2 (1 + (u/)2>
(W) (1-c?) = ¢
2
u(z) = + ¢ = a = const
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Therefore the beeline is the straight line:
u(z)=axr+b
as it was to be expected. The line must go through the two points Py (xo,y0) and

Py (x1,y1) with xo # x;.
a\ _ [ Y%
b N
b

Using this boundary conditions we get:
u(zg) = azxg+b=1 x9 1
=
u(r) =ar1+b=1y r 1
_ Toy1 — "1l

Ty — T1 To —T1

Example 4.8 Brachistochrone Curve (curve of fastest descent )

Wanted a curve lying on a plane, going from Py (0,0) to Py (a,b) (with a # 0, b < 0)
which a particle with the mass m slides frictionlessly in the shortest time under the
influence of a uniform gravitational field with the gravitational constgnt g.

u=ul(x) function of the curve
from Py to P,

s=s(x) parameter of the length
of the curve from Py to P,
with s (0) =0 and

ds = /1 + (u)’dx

Using the law of conservation of energy %mv
the particle

Thus

with the LAGRANGE function

F=F(uu)= =

Variational problem:
We look for a function u(z) € C* (0, a) with £ (u) — min, u(0) =0 andu(a) =b.
Because the LAGRANGE function only depends on u and u' the EULER equation
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(EG2) is :
0 = Fu — Fuulll, - Fu/ulll”
= U (F, — Faut — Fyyu")

d
— —(F—uFy,
o (B —w'Fy)

Thus the EULER equation has the workaround
1 1+ (w)’ (w)? ~

F - u’Fu: = — =C
\/% u u (1 + (u’)2)

Multiplication by \/2g and expansion by (1 + (v )2) give

14 (0)” = (w)?
u(l+ (u’)2)

= C, with C = /2¢C..

Therefore we get

1
u<1+(u’)2):D with D = . .
Now let be v’ = cott. Then
D D
u=——— =Dsin’t == (1 —cos2t).
1+ cot“t 2
Further
d 2D sin t cos tdt
dr = a_ Pt €O = 2D sin? tdt

u’ cott
= D (1 —cos2t)dt

1
r = D(t—isin%) + F

D
= 5 (2t —sin2t) + FE.

Using the boundary conditions we get

z0) =0 ~  E=0
u0) = 0=D-0

91
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Therefore the constant D must be calculated by using the end point of the curve. Setting
¢ = 2t we get a set of cycloids with % = r. r is the radius of the unrolling circle. (u-axis
points downward!):

v = 5 (p—sing)
(1 — cos o)

SISl

4.4 Generalisations

Given the LAGRANGE function: F : [a,b] x R™™ — R with

F = F(z,u(@),u(2),...,u" (2))
fir Vu(z) € X=C"(a,b).
We assume that F' is often enough continuously differentiable with respect to all va-

riables.
Using the LAGRANGE function we construct the functional:

b

f=1F(u) = /F (z,u(z),u (z), ul (2)) dx

a

Definition 4.9 Variational problem on a manifold
Wanted the critical points u(x) € C" (a,b) of £ (u) with the additional
conditions u® (a) = a, and u® (b)) =B,; ar €R, B, €R  k=0,1,...,n—1

Theorem 4.4 Every solution ug (x) of this variations problem is a solution of the
EULER-LAGRANGE equation, too.

p-tp L B N e
u dl» u! dm2 u!’ :F da’;n u('n) — 3

We calculate the first variation of f (u) with h € C (a,b),
h® (a) =h® (b)) =0 k=0,1,....,.n—landt €R:
b
o) = f(ug+th)= /F (x, uo + th,uj + th', ..., ul” + th(”)> dx

a

b
P (Olmy = / [F,h+ Fub' + ..+ Fyyh®™)] da
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For k =1, ...,n we integrate by parts k—times and get

b
/ u(k)

b
= [(Fu(m)h("?*l)}(i— / (%Fu@ h*D gy

a

b
d
SR o/ ( s Fn | W
| , ,
— i d' (k—1—1) k
= (—1) %Fu(k) h k u(k) h dx
=0

E— b
l.z

we obtain the EULER—LAGRANGE equation

Using

93

o )]y = /Z (dk u(k>)hdx;o vhe C (ab),ie
k=0

n N dk B
<—]_> %Fu(k) — 0
0

k=



