Seminar 1 / Metric Spaces

1.

Are the terms d(x,y) metric functions?

a) d(z,y) = sin®(x — y); z,y € R

b)d(z,y) = e —yl;  =z,ye R

c) d(z,y) = |arctan(z — y)|; z,y € R

d) d(z,y) =|z1 —wl;  zye R o= (z,22)", y=(y1,92)"

Verify the inequality:

|a +b] lal 0] 1
+ ; Va,be R
1+Ja+b ~ 1+lal 1+ b
Tip: Use the monotony of the function f(z) = 1 _T_
x

Prove by using the inequality of number 2 that the set of all real sequences with the
following function d(z,y) is a metric space:

— 1 |zp — gl

261+ |z, — k| | v=A{oehelys = A

ﬂcy:
k=1

. Verify that the following two axioms are equivalent to the axioms of the metric space:

a)d(z,y) =0 z=y
b) d(z,y) < d(z,z) +d(y,z) Va,y,z€X

Prove that the metric function is continuous, i.e.
lim,, o, = z and lim, .o Yy, = y imply lim, oo d(2p, yn) = d(z, y).

Let M be the set of all n—digit binary words & = x1x3....T,.

The HEMMING - distance dy of such two binary words zx,y is given by the number of
digits which are different between x and y.

Verify that

a) du(2,y) = 3 i [(x + y) mod 2]

b) (M, dy) is a metric space.

Let M be the set of all sequences of natural numbers. The distance between two different
elements * = {x;},o, and y = {yx},e, is defined by 1/X such that X is the smallest
natural number satisfying =, # yx. Further d(z,z) = 0.

Verify that (M, d) is a metric space. (It is an example of BAIRE Space.)

Let (X1,d1) and (X3, d3) be metric spaces. For any z,y € X; x X,

x = (x1,22), ¥y = (y1,y=2) the metric d is given by d(x,y) = max(dy(z1,y1), d2(22,y2)).
Verify that (X; x Xg,d) is a metric space.



Seminar 2 / Open and Closed Sets

1.

Let (X, d) be a metric space. A and B are proper subsets of X: A C X, B C X.
Prove that A C B implies AT C Bt and A C B.

. Let (X, d) be a metric space. A and B are proper subsets of X: A C X, B C X.

Verify that: ANBC ANBand AUB=AUB.
But AN B = AN B is not valid. Give a counterexample!

. Give an example for the following facts:

a) The intersection of an infinite collection of open sets must not be open.
b) The union of an infinite collection of closed sets must not be closed.

. Let (X,d) be a metric space. A and B are proper subsets of X : A C X, B C X. Further

let A be an open set and B a closed set. Verify that A\ B is open and B\ A is closed.

. Write down the (derivated) set A%, the set of all interior points A and the closure A of

the following sets A C R:
_ [=nme? T N D
a) A= neN: ¢ A= U [n—21in+ 5]
n=1

14+n
(2”—1 ) 2"*1—1)
on 271+1
1

b A= ﬁl[—%;uﬂ d) A=

n—=

s

. Let E be the set E = {0;2;1 + L | n,m € N} C R What is the (derivated) set E*?

Let (X, d) be a metric space. F; and F; are closed proper subsets of X : F; C X, F, C X

such that F; N Fy = (). Prove that there exist open sets G; and G5 such that F} C Gy,
F, C Gy and GlﬁGQZQ.

. Let (X, d) be a metric space. A is a proper subset of X: A C X, A is the closure of A.

Let « be an interior point of A. Do this imply that z is an interior point of A too?

. ** Look for an example of a metric space X with the property, that there are more sets

than the space X and the empty set which are both open and closed.



Seminar 3 / Completeness of Metric Spaces
. Verify that the following spaces are complete:

1. X = m: space of all real bounded sequences such that
d(x,y) = sup; |z — yil, sup; [xi] < oo, sup; [yi| < oc.
2. X = ¢: space of all convergent real sequences such that d(x,y) = sup, |z; — y;l-

3. X = ¢g: space of all real null sequences such that d(x,y) = sup, |z; — |-

. Is the set of all natural numbers together with the following metric a complete metric
space?
1. dy(m,n) = %

0 form=n
2. dg(m,n):{ 1+ form#n

m+n

. Consider R™ with the metric d(z,y) = max; |z; — y;|. Prove:
1. (R™,d) is a metric space.
2. (R™,d) is complete.

. Consider a metric space (X,d) and a proper subset M C X. Let dy be the restriction of
the metric d onto M. Prove:

1. (M,dy) is a metric space.
2. If (M, dp) is complete, then M is closed in X.
3. If (X, d) is complete, then follows:

(M, dp) is complete < M is closed.

. Consider a metric space (X, d) and a compact proper subset A C X. Let f be a contiuous
mapping f: A — R. Prove:

1. f(A) is a compact set.

2. The function f has an absolute maximum and an absolute minimum on A.

. *Let C'[a, b] be the set of all continuously differentiable functions with respect to [a, b]
For any z(t), y(t) € C'[a,b] we define

_ _ / o
(e, y) = max [o(t) ~ y(0)] + max, |+'() ~ y' (1)

1. Verify that Ct[a, b] is a complete metric space.

2. Consider C™[a,b], the set of all m times continuously differentiable functions with
respect to [a,b]. How can we define an analogous metric there?



Seminar 4 /Fix Point Theorem

. Verify that the function f : [0, %] — R such that f(x) = 2 is a contractive mapping in
the metric space X = R with d(z,y) = |z — y|.

. Verify that the function f : [a,b] — [¢,d] such that [c,d] C [a,b] and
|f'(z)] < a < 1 in [a,b] is a contractive mapping in the metric space X = R with
d(z,y) = |z —yl.

. Look for the numbers A € (0;4] such that the mapping f(z) = Az(1 —z) with 0 <z <1
is a contractive mapping in the metric space X = R with d(z,y) = |z — y|.

. Let a; € C, i,k =1,2,...,n be the coefficients of the following system of linear equations

n

xi—Zaikxk = b i=1,2,...,n with
k=1
n

max a; < < 1.

1§i§nkz_1‘ ikl < g

Show that this system of linear equations has a unique solution for every by, ...b, € C.



Seminar 5 / Normed Spaces

. Let U be a complete normed space and S be a proper subspace . Prove:
The closure S of S is a subspace of U too.

. Let (Uy, ||.]|;) and (Us, ||.|l;) be normed spaces over the field K. Verify:
a) Uy x Uy is a normed space with |[(z1,z2)|| = ||z1]; + ||z2]|, for every
(.Tl,.’EQ) € Uy x Us.

b) If U; and U, are Banach spaces then U; x Uy is a Banach space too..

. Let Cy(I) be the linear space of all in I C R defined bounded functions
x(t) with ||z|| = sup,c; |z(¢)|. Prove that (Cy(I),||.]|) is a Banach space.

. A subset A of a linear normed space U with |.|| is called convex, if for any
x,y € A the ”"connection line” azx + (1 — a)y;

a € (0,1) belongs to A. Prove:

a) In a linear normed space the unit ball

E={xecU] |z| <1} is a convex set.

b) The closure A of a convex set A is convex too.

. Let U= Cla,b]; —00 < a < b < oo be anormed space with

[ ]| = maxa<i<p [2(2)].

Verify that:

a) M ={zelU| f: x(t)dt = 0} is a closed subspace of U. M is not dense
in U.

b) M ={x € U | z(a) = 1} is closed and convex, but M is not a subspace
of U.

c) If ¢ is defined by ¢(z) = |z(a)| then ¢ is not a norm in U.

d) If the norm is defined by ||z(¢)|, = fab |(t)|dt, then ||.||; is a norm in U,
but U is not a Banach space with respect to this norm. (advice: Construct

a sequence of continuous functions which tends to a step function.)
e) The operators A: U — R and B : U — U are defined by

t

(Az)(t) = z(a) and (Bz)(t) = /:C(s)ds.

a

Prove:

A and B are linear continuous operators with ||A|| =1 and ||B|| = b — a.
f) Verify that the operator Fx = f01 sxz(s)ds is continuous.

g) Look for numbers a € R such that the operator

(Az)(t) = « fat sinz(s)ds+1; A:U — U is contractive.



Seminar 6 / Pre-Hilbert Spaces and Hilbert Spaces

. Let p(t) be a continuous positive function defined in [0, 1]. Prove:

1
(@) = [ pOeOED Va(0).5(0) € C.1
is an inner product in C[0,1] (with the weight p(t)).

. Verify that in any spaces with inner product the following statements are
satisfied:

a) zly < ||z + ay|| = [lz — ayl| Vae K

b) zly < [lz| <[l —ayl| VaeK

. Orthonormize the system of functions 1,t,¢2,...t" in Ly[0,00) with the
weighted inner product

(f.9) = /0 et gt

. Prove:

a) The Banach space Cla,b] ; —00 < a < b < co with the maximum norm
|z|| = max,<i<p |2(¢)| is not a Hilbert space.

b) The Banach space R with |z||, = > i, |z;| is not a Hilbert space,
but with ||z]l, = /> iy J@i]? it is.

. Prove that the unit ball is not compact in separable infinite dimensional
Hilbert spaces.

. Let X = C[—1;1] be a real space with the inner product

1
@) = [ st
-1
E={zeX|z(t)=0;t<0},F={zeX|z(t)=0; ¢t > 0}.
Verify:

a) F, F are not closed subspaces of X.

b) The set E + F' is not closed, too.
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